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Abstract. We calculate the first and the second variation formula for the sub-Ricmannian 
area in three dimensional pscudo-hcrmitian manifolds. We consider general variations 
that can move the singular set of a C 2 surface and non-singular variation for surfaces. 
These formulas enable us to construct a stability operator for non-singular C 2 surfaces 
and another one for C 2 (eventually singular) surfaces. Then we can obtain a necessary 
condition for the stability of a non-singular surface in a pseudo-hcrmitian 3-manifold 
in term of the pseudo-hermitian torsion and the Webster scalar curvature. Finally we 
classify complete stable surfaces in the roto-traslation group TZT. 
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1. Introduction 

Over the last years considerable efforts have been devoted to the study of critical points 
of the area functional in sub-Riemannian geometry and a large number of research papers 
have provided variation formulas in sub-Riemannian manifolds, [2], [7], [5], [13], [12], [13], 
[22], [21], [23], [24], [25], [32], [33] among others. In [32] the authors were able to produce a 
first variation formula for C 2 surfaces and solve the isoperimetric problem in this class. This 
result gave a partial positive answer to a celebrated conjecture of Pansu, [2E] , which states 
that isoperimetric regions in H 1 are a one-parameter family of topological balls which are 
not metric balls. In [23] the second variation formula allows to classify the entire stationary 
graphs in the Hcisenberg group H 1 and to solve the sub-Riemannian Bernstein problem 
in the class of C 2 horizontal graphs. These techniques were generalized for the pseudo- 
hermitian 3-sphere and 3-Sasakian sub-Riemannian space forms, [23] and [53J. Also Q3] and 
|14j are two interesting works related to the sub-Riemannian Bernstein problem in H . In 
|13j the authors construct a family of complete area-stationary intrinsic graphs that are not 
stable and in [14] is shown that C 2 complete stable area-stationary Euclidean graphs with 
empty singular set must be vertical planes. Other remarkable work is [2], where the first 
and the second variation formulas for intrinsic graphs are used to give a description of the 
horizontal entire minimal intrinsic graphs in H 1 and to show that the only stable ones are 
vertical planes. In [S] and in [25| the authors find general first and second variation formulas 
for surfaces inside pseudo-hcrmitian 3-manifolds and Carnot groups respectively Finally 
in [Jj the authors present a definition of sub-Riemannian structure in terms of a metric, 
perhaps degenerate, defined on the cotangent bundle. In this way they can be able to unify 
the notions of area and mean curvature in Riemannian, pseudo-hermitian and contact sub- 
Riemannian geometries and to give a first variation formula for an hypersurface in such a 
sub-Riemannian manifold. 

The aim of this paper is generalize the first and the second variation formulas to general 
pseudo-hermitian manifolds in the spirit of [23], [24] , [3"2"j and [33]- We stress that with 
respect to the cited works we introduce some technical improvements. We use the pseudo- 
hcrmitian connection and the horizontal Jacobian, Lemma 13.21 that allow us to simplify 
considerably some proofs, to obtains formulas with geometric terms more adapted to the 
pseudo-hermitian structure and to move surfaces of class C\ outside the singular set. We 
remark that the presence of a non-vanishing pseudo-hermitian torsion generates some non- 
trivial problems in the computation of the second variation formula and in its applications. 

The work is organized as follows. In section two we introduce some notations and pre- 
liminaries. 

In section three we produce a first variation formula for C 2 (eventually singular) surfaces. 

In section four we study special vector fields along characteristic curves, which are the 
generalization to Jacobi vector fields in Sasakian manifolds [32] Section 3] and [331 Section 3] . 
These vector fields will play a key role to prove instability results in section nine. 

In section five we study the local behavior of the singular set combining results of [§] and 
|20j . Moreover in Theorem 15 . 71 we prove that the genus of a closed, bounded mean curvature 
surface immersed in a contact sub-Riemannian manifold is less or equal then one. Using 
the characterization given in [2D] of how the mean curvature change applying the Darboux's 
diffeomorphism, we can extent the same result proved in [3] for pseudo-hermitian manifolds. 

In section six we produce a first variation formula for non-singular surfaces. We 
underline the interest to work with surfaces, that are only C 1 from the Euclidean point 
of view. In sub-Riemannian manifolds there are examples of minimizers with low regularity, 
[TU] and [30]- 
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In section seven we present second variation formulas in the regular set E — So or in 
a neighborhood of the singular set Eo- These formulas allow us to construct two different 
stability operators in section eight. The first one is for C 2 non-singular surfaces and coincides 
with the second variation formula in [S] for C 3 surfaces. The second stability operator we 
construct is for C 2 (eventually singular) surfaces. Recently in [7] the authors produce a 
second variational formula moving a singular lines, but we underline that they need C 3 
surfaces since in the proof they differentiate the mean curvature. 

In section nine we prove a necessary condition for C 2 stable minimal surfaces with empty 
singular set in a large class of pseudo-hermitian manifolds, that included the uni-modular 
Lie groups, Proposition 19.81 

Let E be aC 2 complete orientable surface with empty singular set immersed in a 
pseudo-hermitian 3-manifold (A/, g-u, w, J) . We suppose that g(R(T, Z)vh, Z)— 
Z(g(r(Z),Vh)) — on E and the quantity W — Cig{r{Z),V} l ) is constant 
along characteristic curves. We also assume that all characteristic curves 
in E are either closed or non-closed. If E is a stable minimal surface, then 
W — cig(r(Z), Vh) ^ on E. Moreover, if W — c\g(r(Z), Vh) = then E is a 
stable vertical surface. 

This is an important class since in |29j is shown that simply connected contact Riemannian 
3-manifolds homogeneous in the sense of Bootby and Wang, [J] (there exists a connected 
Lie group acting transitively as a group of contact diffcomorphisms) , are Lie groups. The 
condition that we found involves the Webster scalar curvature W and the pseudo-hermitian 
torsion r of the manifold that are pseudo-hermitian invariants. 

Finally in section ten we apply previous results to the roto-traslation group TZT . We give 
a classification of area-stationary surfaces with non-empty singular set, Lemma 110.31 and 
Lemma ll0.4l 

LetYi be a complete area- stationary surface of class C 2 with non-empty singular 
set. Then E is a right-handed helicoid or a plane {{x, y, 9) G TZT : ax + by + c = 
0,a,6e R,cE S 1 }. 

and the classification of complete stable surfaces, Theorem IIP. 101 

Let E be a C 2 stable, immersed, oriented and complete surface in TZT. Then 

1. if E is a non-singular surface, then it is a vertical plane; 

2. if E is a surface with singular set, then it is a right-handed helicoid. 

The TZT group is interesting for two reasons. From the geometric point of view it is one of 
the simplest pseudo-hermitian manifolds which does not have zero torsion. Moreover it is a 
model of the visual cortex of the human eye which play an important role in the theory of 
image reconstruction, [11] and |35) . Given a boundary curve T, we can reconstruct an image 
by solving a Plateau's problem. This is equivalent to find a stable minimal surface E with 
boundary T, i.e. to find E such that A' (E)(0) = and A" (E)(0) ^ 0, for variations that fix 
<9E = r. 

2. PRELIMINARIES 

A three-dimensional contact manifold [3] is a three-dimensional smooth manifold M so 
that there exists a one-form ui such that dw is non-degenerate when restricted to Ti := fcer(w). 
Since 

dw(X, Y) = X(lo(Y)) - Y{uj{X)) - u{[X, Y]) 
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the horizontal distribution l-L is completely non-integrable. It is well known the existence of 
a unique Reeb vector field T in M so that 

(2.1) w(T) = 1, (C t cj)(X) = 0, 

where C is the Lie derivative and X any smooth vector field on M. It is a direct consequence 
that u A duj is an orientation form on M. A well-known example of contact manifold is the 
Euclidean space R 3 with the contact one-form 

(2.2) loq := dt + xdy — ydx. 

A contact transformation between contact manifolds is a diffcomorphism preserving the 
horizontal distribution. A strict contact transformation is a diffcomorphism preserving the 
contact one-form. A strict contact transformation preserves the Reeb vector field. Darboux's 
Theorem [5J Theorem 3.1] shows that, given a contact manifold M and some point p € M, 
there exists an open neighborhood U of p and a strict contact transformation / from U into 
a open set of R 3 with its standard contact structure induced by luq. Such a local chart will 
be called a Darboux chart. 

A positive definite metric g% on H defines a contact sub-Riemannian manifold (M, oj) 
on M [27] • The first Heisenberg group is the contact sub-Riemannian manifold H 1 = 
(R 3 ,30: ^o), where go is the Riemannian metric on H defined requiring that 

d d d d 

X ~te +V W Y= d~x +V dt 
form an orthonormal basis at each point. 

The length of a piecewise horizontal curve 7 : I — > M is defined by 

m ■■= jh'(t)\dt, 

where the modulus is computed with respect to the metric gu- The Carnot-Caratheodory 
distance d(p, q) between p, q <E M is defined as the infimum of the lengths of piecewise 
smooth horizontal curves joining p and q. A minimizing geodesic is any curve 7 : / — > M 
such that d(-f(t),-f(t')) = \t — 1'\ for each t, t' £ I. From [27J Chap. 5] a minimizing geodesic 
in a contact sub-Riemannian manifold is a smooth curve that satisfies the geodesic equations, 
i.e., it is normal. 

The metric gu can be extended to a Riemannian metric g on M by requiring that T 
be a unit vector orthogonal to H. The scalar product of two vector fields X and Y with 
respect to the metric g will be often denoted by (A, y) instead of g(X, Y). The Lcvi-Civita 
connection induced by g will be denoted by D. An important property of the metric g is 
that the integral curves of the Reeb vector field T arc geodesies [3] Theorem 4.5]. 

A usual class defined in contact geometry is the one of contact Riemannian manifolds, 
see [3], [55] • Given a contact manifold, one can assure the existence of a Riemannian metric 
g and an (1, l)-tensor field J so that 

(2.3) g(T,X)=w(X), 2g(X,J(Y)) = du>(X,Y), J 2 (X) = -X + u{X) T. 

The structure given by (M,uj,g,J) is called a contact Riemannian manifold. The class of 
contact sub-Riemannian manifolds is different from this one. Recall that, in our definition, 
the metric gu is given, and it is extended to a Riemannian metric g in TM. However, 
there is not in general an (l,l)-tensor field J satisfying all conditions in (|2 . 3[) . Observe 
that the second condition in (|2.3I) uniquely defines J on W, but this J does not satisfy in 
general the third condition in (|2.3[) , as it is easily seen in (M 3 ,w ) choosing an appropriate 
positive definite metric in ker(wo)- When M is three-dimensional the structure (M,u,g, J) 
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is equivalent to a strongly pseudo-convex pscudo-hermitian structure O Corollary 6.4] and 
we will call briefly (M,ffn,w, J) a pseudo-hermitian manifold. 

The Ricmannian volume form dv g in (M,g) is Popp's measure [271 § 10.6]. The volume 
of a set E C M with respect to the Ricmannian metric g will be denoted by \E\. 

A contact isometry in (M,gu,u)) is a strict contact transformation that preserves gu- 
Contact isometrics preserve the Reeb vector fields and they are isometrics of the Ricmannian 
manifold (M,g). 

In a contact sub-Riemannian 3- manifold {M,gu,u) , we define a linear operator J : H — > 
H on an orthonormal basis {X, Y} of H respect to the metric gu by 

(2.4) g(J(X),Y) = -g(J(Y),X) = sgn(c 1 ), g(J(X),X) = g(J(Y),Y) = 0, 

where we have denoted c\{p) = —g([X,Y](p),T p ). We remark that c\(j>) never vanish since 
span{X, Y} — TM and sgn(ci) equals 1 or —1 in the whole manifold. Furthermore J can be 
extended to the whole tangent space by requiring J(T) = 0. Now we define a connection V, 
that we will call the (contact) sub-Riemannian connection, as the unique connection having 
non- vanishing torsion defined by 

(2.5) Tor(A, Y) = g(X, T)r(F) - g(Y, T)r(X) + c l9 (J(X),Y)T, 
where r : TM — > W is defined by 

T{V) = -\j{C T J){V) 

for all V G TM. Clearly r vanishes outside T~L. Alternatively if we consider the endomor- 
phism 

a(V) := D V T : TM -> H. 

we have that 

(2.6) g(a(V), Z) = g(r(V),Z) + ^g(J(V), Z). 

Last equation can be viewed as an alternative definition of J and r, where J and r are 
antisymmetric and symmetric respectively. We shall call r the (contact) sub-Riemannian 
torsion. We remark that V and r are generalization of the well-known pseudo-hermitian 
connection and pseudo-hermitian torsion in pseudo-hermitian 3-manifold (M, g-u, J) ,[21 
Appendix] and [TS]. From the above definitions follows easily 



(2.7) VyT = 0, 

(2.8) (Vy J)Z = 
and 

(2.9) g(J(V),V) = 0, 



for all V, Z € TM. Here J 2 = —Id on H but satisfies the second equation in (|2.3[) if 
and only if (M,g,J) is a pseudo-hermitian manifold. It implies the normalization c\ = 2 
and at my knowledge all definition of pseudo-hermitian manifolds and Ricmannian contact 
manifolds require it implicitly. But exists interesting examples that do not satisfy c\ = 2 as 
the roto-traslation group RT that we will study in the last section. The difference between 
Levi-Civita and pseudo-hermitian connections can be computed using the Koszul's formulas 
as in [13 p. 38] 

(2.10) 2g(D x Y - V X Y, Z) - g(Tor(X, Z),Y) + g{Tor{Y, Z), X) - g(Tor(X, Y), Z). 

In a contact sub-Riemannian 3-manifold (M,g<n,oS) we can generalize the definition of 
the Webster scalar curvature known in pseudo-hermitian 3-manifold (M, g-n,u, J) by 

(2.11) W:=-g(R(X,Y)Y,X), 
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where {X, Y} is an orthonormal basis of % and R is the pseudo-hermitian curvature tensor 
defined by 

(2.12) R(Z, W)V = V W V Z V - V Z V W V + V [Z . W] V, 

for all Z, W, V G TM. 

In the following we restrict ourself to the case in which c\ is a constant. We briefly call a 
such manifold a pseudo-hermitian 3-manifold {M,gn,oj,J), as it has analogous properties 
respect to a pseudo-hermitian manifold defined in Appendix] and [T5] . 



3. The first variation formula for C 2 surfaces. 



We define the area of a C 1 surface S immersed in M by 
(3.1) A(Y) = [ \N h \dZ, 



where N is the unit normal vector with respect to the metric g, Nh is the orthogonal 
projection of N to H and cZE is the Riemannian area element of S. The singular set Eo 
consists of those points p where T-L p coincides with the tangent plane T p E of M. We define 
the horizontal unit normal vector Vh(p) and the characteristic vector field Z(p) by 

(3-2) Vh (p):=^^, Z(p):=J(v h )(p) 

for all p G S — So- Since Z p is orthogonal to Vh and horizontal, we get that Z p is tangent 
to S and generates T p £ (~l^ p . We call characteristic curves of S the integral curves of Z in 
S — So- Now setting 

(3.3) S:=g(iV,TK-|^|T 

we get that {Z p , S p } is an orthonormal basis of T p T, for p G E — So. 

Now we consider a C 1 vector field U with compact support on E and denote by E t the 
variation of E induced by U, i.e., E t = {exp p {tU p )\p G E}, where exp is the exponential 
map of M with respect to g. Furthermore we denote by B the Riemannian shape operator 
and by 6 the 1-form associated to the connection V and i/h 

(3.4) 9(v):=g(V v P h ,Z), 
for all v G T p M. 

Lemma 3.1. Let E be an oriented immersed C 2 surface in a contact sub- Riemannian three- 
dimensional manifold (M, gu,aj). Consider a point p G E — Eo, the horizontal Gauss map 
Vh and the basis {Z, S} of T p M already defined. For any v G T p M we have 

(i) \N h \Z{\N h \) = -g(N,T)Z(g(N,T)); 

(ii) \N h \~ 1 Z(g(N,T)) = \N h \Z(g(N,T))-g(N,T)Z(\N h \); 

(iii) g(B(Z),S) = f-g(r(Z),u h )+\N h \- x Z(g(N,T)) = —g(a(Z), Vh) + \Nh\~ 1 Z(g(N, T)); 

(iv) g(B(S),Z) = -g{N,Tfg{r{v h ),Z) + f(\N h \ 2 - g(N, T) 2 ) - \N h \0(S); 

(v) \N h \~ 1 Z(g(N, T)) = -c l9 {N,Tf + \N h \ 2 g( T (Z),is h ) - \N h \0(S). 

Proof. From Z(\N h \ 2 ) = Z(l - g(N, T) 2 ) we immediately obtain (i). Using (i) and |JV| = 1 
we get 

\N h \Z(g(N,T))-g(N,T)Z(\N h \) = (\N h \ + \N h \- 1 g(N,T))Z(g(N,T)) 

= \N h \- 1 Z(g(N,T)) 
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which proves (ii). From N = g{N, T)T + \N h \v h , (|2~6)l and ((33)) wc have 

g(D z N, S) = Z(g(N, T))g(T, S) + g(N, T)g(a(Z), S) + Z(\N h \)g(v h , S) + \N h \g(D z v h , S) 
= g(( Cl /2)J(Z) + t{Z), v h ) + \N h \Z(g(N, T)) - g(N, T)Z(\N h \), 

where we have used 

g{D z v h ,S) = -\N h \g(D z u h ,T) = \N h \g{a{Z),v h ). 

Now from (ii) we get (iii). On the other hand 

g(D s N, Z) = g(N, T)g(a(S), Z) + \N h \g(D s v h , Z), 

by (|2.10[) and (|3.3p we obtain (iv). Finally we get (v) subtracting (iii) and (iv) since 
g(B(Z),S)-g(B(S),Z) = 0. □ 

The next lemma is proved in [3T] for the Heiscnbcrg group HP, but it holds in a general 
contact sub-Ricmannian 3-manifold (M, g-u^) with the same proof. 

Lemma 3.2. Let £ be a C 1 surface in M, p£E and {Ei,E 2 } any basis o/T p S. Then we 
have 

\N h \(p) 



where v p := g{T p , E{)E2 — g{T p , E 2 )E\ and G{E\, E 2 ) is the Gram determinant of{E±, E 2 }. 
Proof. We consider 

(3.5) N h = \E 1 +»E 2 + \N h \ 2 N 

so that \N h \ 2 g(N,T) = -{\g{E ll T) + fxg(E 2 ,T)). From N h = N - g(N, T)T we have 

(3.6) g(N h , Ek) = -g(N, T)g(T, Bk), i = 1, 2. 



Now compute A and \x taking scalar product in (|3.5[) with E\ and E 2 in (|3.5[l and using (|3.6[) 
we have 

A \ -g(N,T) f g(E 2 ,E 2 ) -5(^1,^2) \ ( fl(T,£?i) 
ti ) G{E 1 ,E 2 )\-g{E l ,E 2 ) g{E x ,E 1 ) ) \ g{T,E 2 ) 

Hence we have obtained 

which prove the statement in the case g(N,T) 7^ 0. If g(N,T) = we simply check that 
\v\ 2 = G(Ei, E 2 ) 2 , writing E\ and E 2 in term of an orthonormal basis {w, T} of T p £. □ 

Now we introduce the notion of intrinsic regularity, [T7] , [T5] and [E5] ■ Let ft be an open 
subset of M, we say / : il — s- K of class CL in when Xf exists and it is continuous for 
any X G U. Wc define / e C^(fi) when Xf e C^ _1 (0) for all X e U. Since c 1 is a real 
constant immediately we obtain that / G C?f (f2) implies / € C k (fl). We define a surface £ a 
H-regular surface of class if for any p € £ exist B r (p), a metric ball of radius r centered 
in p, and a function / £ such that 

S n B r (p) = {pe B r (p) : /(p) = 0,V„/(p) ^ 0}, 

see [T7] for the definition in the Heisenberg group. 
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Lemma 3.3. Let £ be an oriented immersed C 2 surface in a contact sub-Riemannian three- 
dimensional manifold (M, g-u,u>) and let f £ C (M). Then we have 

div s (fS) = S(f) + fg(N, T)6{Z) - f\N h \g(r(Z), Z), 

and 

^ s (/z) = z(/)-/ g (iv,r)0(^) + / g (^,r)|^| 5 (TK),z) + Cl / 5 (^,r)|^| 5 (JK),z), 

where divs is the Riemannian divergence with respect to an orthonormal basis of TY, . 
Proof. We have 

divE(fZ) = Z(f) + fg(D s Z, S) 

and by ([3T5]) 

g{D s Z,S) = g{N,T)g{D s Z,v h ) - g{N,T)\N h \g{D Vh Z,T) 
and using (|2.10[) we prove the second equation. For the first one we note that 

divz{fS) = S(f) + fg{D z S,Z) 

and we can conclude using 

g(D z S,Z) = g(N,T)g(D z v h ,Z) - \N h \g(D z T,Z) 
together with ETTUl □ 

Now we can present the key Lemma to obtain the first variation. 

Lemma 3.4. Let £ be an oriented immersed C 1 surface in a contact sub-Riemannian three- 
dimensional manifold {M,g%,U)). Then the first variation of the sub-Riemannian area in- 
duced by the vector field U, that is Cq(E) along the variation, is given by 

d /* 

A(^ a (S))= / {-S(g(U,T)) + Cl g(N,T)g(J(v h ),U h ) 



(3.7) 



S-S 



\N h \g(V z U h , Z) + \N h \g(U, T)g( T (Z), Z)}dZ. 



Proof. For every p € £ and the orthonormal basis {Z, S} of T p S, we consider extensions 
-Ei(s), E 2 (s) of Z, S along the curve s h-> <p s (p) so that [E i: U] = 0, i.e., the vector fields Ei 
are invariant under the flow generated by U. By Lemma 13.21 the Jacobian of the map tp s at 
p is given by G(Ei(s), E 2 (s)) 1 ^ 2 . We get 

A(<p.p)) = J \V(s)\dZ, 
s 

where V(s) := g(T, Ei(s))E 2 (s) — g(T, E 2 (s))Ei(s). We can express the first derivative of 
the area as 

d 



(Is 



s 



Now ff (T,^i(0)) = and g(T,E 2 (s)) = -\N h \ imply V(0) = \N h \Z. Since [E h U) = and 
(|2.7D we have 

^Vm^ = ~ U ^{E2,T)) + \N h \g{VuE u Z) = -(g(VuE 2 ,T)) + \N h \g(\7 uEu Z) 

and substituting we obtain 

-f- A(<p a (E))= [ {-giVuE^ + lNhlgiVuEuZ)}^. 
ds s=o J 

S-En 
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Finally since 

g(VuE 2 ,T)) = g(V s U, T) - Cl g(N, T)g{J{v h ), U) 
= S(g(U,T)) - Cl g{N,T)g{J{v h ),U) 

and from 

g(V u E 1 ,E 1 ) = g(\7 z U h: Z) + g(U, T)g(r(Z), Z) 

we get ([XT]) . 

□ 

Now we are able to get variation formulas in generic directions. 

Corollary 3.5. Let £ be an oriented immersed C 2 surface in a contact sub-Riemannian 
three-dimensional manifold (M, g-u,uj). Then the first variation of the area induced by the 
tangent vector field U = IZ + hS, with l,h € Cq(S — Eo), is 

A(^(S)) = / diw(\N h \U))dZ. 
as s=o J 

Furthermore when <9£ = the above term vanishes. 



Proof. By (|3.7p we get 
d 



ds 



;% a (E))= / {c 1 lg(N,T)g(J(v h ),Z) + \N h \Z(l)}dX 

s=0 J 

S-S 



{S(\N h \h) + hg(N,T)\N h \g(V z is h ,Z)-h\N h \ 2 g(T(Z),Z)}d'£ 

divx(l\N h \Z)dX + J div E (/i|JV/,|S)dE, 
s s 

where we have used \Nh\Z(V) = Z(\Nh\l) — lZ(\Nh\), Lemma I3TTI formula (|3.7[) and Lemma 



When 9E = we can use the Riemannian divergence theorem to prove that the variation 
vanishes. □ 

Corollary 3.6. Let £ be an oriented immersed C 2 surface in a contact sub-Riemannian 
3-manifold (M, g-u,u>) . Then the first variation of the area induced by a normal vector field 
U = uN , with u € Cq(S). is 

A(<p s (Z)) = I ug{V z v h ,Z)dY,- f div^(ug(N,T)S)dE. 



ds 



s=0 



Furthermore if u G Cq(S — So) we get 

d_ 

(Is 



A(tp a {E)) = / ug{V z v h ,Z)dH. 

s=0 J 

s 



Proof. By Q3.7P and Lemma \3. 3 1 we get 
d 



ds 



s=0 



A{<p.(E)) = / {-S(g(N, T)u) + u\N h \ 2 g(V z u h , Z) + ug{N, T)\N h \g( T (Z), Z)}dZ 



J ug{V z v h , Z)dY> - J divz(ug(N, T)S)d£. 
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When u G Cq(E — Eo), we can use the Riemannian divergence theorem to conclude 

J divx{ug(N,T)S)dZ = 0. 

□ 



Remark 3.7. When (M,g^i,uj) is the Heisenberg group H 1 we have that Corollary 
coincides with [32] Lemma 4.3]. Furthermore Corollarv l3.6l coincides with [9j eq. (2.8')] where 
the authors consider non-singular variations in a pseudo-hermitian 3-manifold {M,gn,uj, J) 
. Different versions of Corollary 13.61 can be found also in [25] , [25] and [21] , [22] , for Carnot 
groups and vertically rigid manifolds, respectively. 

Definition . Let E be a surface of class C|^. Corollary 13.61 allows us to define the mean 
curvature of E in a point p € E — Eo as 

(3.8) H:=-g(y z v h ,Z). 

We call minimal surface a surface of class C\ whose mean curvature H vanishes. 

We note that our definition of mean curvature coincides with [I] , [5] , [21] and [32] among 
others, for surfaces of class C 2 and it is motived by Proposition 16.31 in Section [5] In [21] the 
author also defines the mean curvature for surfaces of class C|^. 

4. Characteristic Curves and Jacobi-like vector fields. 

In this section we give a characterization of characteristic curves in a constant mean 
curvature surface and we define special vector fields along characteristic curves that are the 
natural generalization of Jacobi vector fields along geodesies in Sasakian sub-Riemannian 
manifolds. 

Proposition 4.1. Let E be an oriented immersed surface of constant mean curvature 
H = c\X in a contact sub-Riemannian three-dimensional manifold (M, g-u, uj). Then, outside 
the singular set, the equation of characteristic curves is 

(4.1) V z Z + Cl XJ(Z) = 0, 

where V denote the pseudo-hermitian connection. We will call A the curvature of the char- 
acteristic curve. 



Proof. It is an immediate consequence of (|2.7p . (|3.8|) and \Z\ = 1. □ 

Remark 4.2. Let 7 be a Carnot-Caratheodory geodesic in a pseudo-hermitian 3-manifold 
(M,g-n,uj, J) . Then the unit tangent vector field 7 to 7 satisfies [34] Proposition 15] 



(4.2) 



V^7 + ciAJ(7) = 
7(A) = -^-s(r(7),7), 



where V is the pseudo-hermitian connection. This implies that characteristic curves in a 
constant mean curvature surface are sub-Riemannian geodesies if and only if g(r(j), 7) = 0. 
For instance, this is satisfied in manifolds with vanishing torsion. 

Proposition 4.3. We consider a pseudo-hermitian 3-manifold (M, g-u,u), J) , a curve a : 
I — > M of class C 1 defined on some interval I C M and a C 1 unit horizontal vector field 
U along a. For fixed A 6 R, suppose we have a well-defined map F : I x I' — > M given by 
F(e, s) = 7e(s), where I' is a open interval containing the origin, and"f e (s) is a characteristic 
curve of curvature A with initial conditions 7 e (0) = a(e) and 7 S (0) = U(e). Then the vector 
field V £ (s) := (dF/de)(e, s) satisfies the following properties: 
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(i) V £ is a C°° vector field along j £ and satisfies [%, V £ ] = 0: 

(ii) along j £ we have 

7 £ (A<7(V e ,T) + g(V e , %)) = -g(V s , T)g{r{%), %), 

in particular Xg(V £ ,T) + g(V £ , j £ ) is constant along sub-Riemannian geodesies; 

(iii) V £ satisfies the equation 

(4.3) V? + R(i c ,V c )i e + Cl X{J(V:) + 9 (V £ ,T)J(t(%))} + V % Tor(V £ ,%) = 0, 

W % Tor(V £ ,%) = -g(V £ ,T)"T + g(V £ ,TYT(%)+g(V £ ,T)W^r(%) 
where V denotes the covariant derivative along r ) £ and R the curvature tensor with 
respect to the pseudo-hermitian connection. 

(iv) the vertical component of V £ satisfies the differential equation 

g(V e , T)'" + f3i(s)g(y £ ,T)' + Cl [3 2 (s)g(V £ ,T) = 0, 

with 

= W- c i9 (t(%), J(%)) + c\X 2 
f3 2 (s) = Ci X 9 (t(%),%) + g(R(%, T)%, J(%)) - %(g(r(%), J(%))), 
where W is the pseudo-hermitian scalar curvature and ' is the derivative respect to s. 

Proof. For simplicity we avoid the subscript e in the computation. The proof of (i) is 
analogous to the one of [331 Lemma 3.3 (i)]. From [7, V] = and (|2.5[) we have 

9(V, T)> = j(g(V, T)) = g^V, T) = g(Vyy + Tor( 7 , V),T) 

= g{Tor{-y,V),T) = Cl g{J{i),V). 

Here ' denotes the derivative of a function. (|4.4[) together with 

g(V,j)' = g(Tor(j,V),j) - Cl \g(V, J( 7 )) - -g(V,T)g(r(j),j) - Cl Xg(V, J( 7 )) 

proves (ii). Now using (|2.8[) we get 

V y J( 7 ) = J(V v i) = J(V')+g(V,T)J( T (j)), 

that permits us to compute Vy(V^ 7 + c±XJ(/y)) to obtain the first equation in (iii). The 
second one is simply obtained using (|2.5[) and (|4.4[) . 

To prove (iv) we have, differentiating (|4.4[) 

(4.5) -g{V, T)" = Cl A. 9 ( 7 , V) + g{ J( 7 ), V) 

Cl 

and consequently 

-g(V, T)'" = 7 ( Cl A.g( 7 , V)) + Cl Xg(j, V) + g(V", J( 7 )) 

Cl 

= 2 Cl Xg(V, 7)' + Cl X 2 g(V, T)' + g(V", J( 7 )). 
Taking into account (ii) we get 

(4.6) -g(V, T)'" = - Cl X 2 g(V, T)' - 2 Cl Xg(V, T)g(r(j), 7) + g(V" , J( 7 )). 

Cl 

The only term you have to dial with is g(R(j, V)j + ciXJ(V), J(V')). Now by point (iii) 
we have 

g(V", J( 7 )) = - g(R(j, V)j, J( 7 )) - Cl X{g(V, T)g(r(j), 7) + g(V, 7)} 
- g(V, r)'ff(r(7), J(7)) - fl(V, T) 5 (V^r( 7 ), J( 7 )). 
From V" = g(V, T)T + g(V, 7)7 + g{V, J{j)) J(-y) we obtain 

-fl(ii(7. ^)7, J(7)) = -«7(V, J(7))W - ff(V, T)g(R(j, T) 7 , J( 7 )). 
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Furthermore since 

-fl(V-yT(7), J(-y)) = -j(r{j), J{j)) +ciA#(t(7),7) 

and 

ffCV", 7) = ff(V, 7)' - fl(V^7, V) = -g(V, T)g(r(ff), 7) 

we finally get 

g(Y", J( 7 )) = - -g(v, t)'w + Cl x g {v, T) g ( T (j), 7) - g(r(j), J{i))g{v, T)' 
(4.7) a 

- g(V, T){ fl (i?( 7) T) 7 , J( 7 )) - 7(5^(7)), J(ff))}- 
We conclude summing (|4.6[) and (|4.7[) and simplifying. □ 

Definition . Let 7 : / — > £ be a characteristic curve, where / is a real interval and E is a 
surface. A vector field V along 7 is called a Jacobi-like field if it satisfies (|4.3p for all s E I. 

Remark 4.4. Special cases of Proposition ^. 31 can be found in [BJ, [32] and [33J. 

5. The structure of the singular set. 

The local model of a three-dimensional contact sub-Riemannian manifold is the contact 
manifold (R 3 ,u;o), where ujq defined in (|2.2[) is the standard contact form in R 3 , together 
with an arbitrary positive definite metric gu m Ho- A basis of the horizontal distribution 
is given by 

dx dt ' dy dt ' 

and the Reeb vector field is 

dt 

The metric g-u will be extended to a Ricmannian metric on M 3 so that the Reeb vector field 
is unitary and orthogonal to T-Lq. We shall usually denote the set of vector fields {X, Y} by 
{Zi, Z2}. The coordinates of R 3 will be denoted by (x, y, t), and the first 2 coordinates will 
be abbreviated by z. We shall consider the map F : M 2 — >• M 2 defined by 

F{x,y) := (-y,x). 

Given a C 2 function u : C R 2 — >• M defined on an open subset f2, we define the graph 
Gu := {(z,t) : z € Cl,t = u(z)}. By (|3 . 1 [> . the sub-Riemannian area of the graph is given by 



A(G U )= f \N h \dG u 
Jg„ 



G„ 

where dG u is the Ricmannian metric of the graph and \Nh\ is the modulus of the horizontal 
projection of a unit normal to G u . We consider on f2 the basis of vector fields J^}- 

By the Riemannian area formula 

(5.1) dG u = J&cd£ 2 , 

where dC 2 is Lebesgue measure in R 2 and Jac is the Jacobian of the canonical map VI — > G u 
given by 

(5.2) Jac = {det(ff) + g n (u y + x) 2 + - yf ~ 2g 12 (u x - y){u y + x)} 1/2 

where g is the matrix of the metric, with elements gij := g(Zi, Zj). 

Let us compute the composition of \Nh\ with the map f2 — > G u . The tangent space TG U 
is spanned by 

(5.3) X + (u x — y) T, Y + (u y + x) T. 
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So the projection to f2 of the singular set (G u )o is the set f^o C SI defined by f^o : = { z G 
£1 : (Vu + F) = 0}, where V is the Euclidean gradient in R 2 . Let us compute a downward 
pointing normal vector N to G u writing 

2 

(5.4) N = J2(a t Z l )-T. 

i=i 

The horizontal component of N is N% = Y2i=i a i^i- We have 

2 

= Zj) = g(N, Zj) = -(Vu + F)j (N, T) = (Vu + F)j, 

i=l 



since Zj is horizontal, N is orthogonal to Zj defined by (|5.3p . and (|5.4p . Hence 

(ai.aa) = &(Vu + F), 
where 6 is the inverse of the matrix {9ij}i,j=i,2- So we get 
(5.5) \N\ = (l + (Vu + F,6(Vu + F))) 1/2 , 

and 

\N h \ = (Vu + F,b{Vu + F)) 1/2 , 
where (, ) is the Euclidean Ricmannian metric in R 2 , and so 

\N\ (l + (Vu + F,fc(Vu + F))) 1/2 
Observe that, from (|5.4p and (|5.5[) we also get 

(5.7) g(N, T) = — _. 

(l + (Vu + F,b(Vu + F))) 1 

Hence we obtain from ([5~lj) . and (|5"1))) 



(5.8) 



A(G„) =/(V U + F, b(Vu + F)) 1 / 2 det( g , J + (V, + FMV, + F) )V 2 d£2 
•/n (l + /Vu + F,6(Vu + F))) 7 



<Vm + F,6(Vm + F))) 

We can compute the mean curvature of a graph G u [301 Lemma 4.2] 

Lemma 5.1. Lei us consider the contact sub- Ricmannian manifold (R 3 , <7% ,u;o) ; where ujq 
is the standard contact form in R 3 and gu is a positive definite metric in the horizontal 
distribution TLq. Let u : ft C M 2 — > R be a C 2 function. We denote by g = (gij)i.j=i.2 
the metric matrix and by b = g^ 1 = (g t3 )i j=i t 2 the inverse metric matrix. Then the mean 
curvature of the graph G u , computed with respect to the downward pointing normal, is given 
by 

(5.9) -div(- "-^±1) ) + „ 

\(Vu + F,b(Vu + F)) 1 J 

where fj, is a bounded function in ft \ Qq, and div is the usual Euclidean divergence in O. 

Furthermore in dimension three we get 

Lemma 5.2. Let us consider the contact sub-Riemannian manifold (R 3 , <?« ,wo), where luq 
is the standard contact form in R 3 and g-u is a positive definite metric in the horizontal 
distribution Hq . Let u : Q C R 2 — > R be a C 2 function. Then 

*( . b{V " + F) .,» )-*«*)*>' V " + F 



(Vu + F, biVu + F)) 1/2 / V (Vu + F, Vu + F) 1/2 
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where p is a bounded function in \ Slo • 

Proof. The proof is a standard computation. We only note that p is of the form 

Pi(b){u x - y) 3 + P2(b)(u y + x) 3 + ps,{b){u x - y) 2 {u y + x) + pj{b)(u x - y){u y + x) 2 
(5 n K - y) 2 + 2.9 12 (u 2; - y)(u y + x)+ g 22 (u y + x) 2 ) 3 / 2 
where Pi(b) are sums and products of the coefficients g v . □ 

Let S C M a C 2 surface and let p <G So- Then there exists a neighborhood £/ of p 
that is a Darboux chart and S can be view as a graph G M in (R 3 , g^ a , cjo) above defined. 
The projection fio of the singular set in (G u )q do not depend by the metric gu - The 
characteristic curves in G u with respect to gu a and the standard Hciscnbcrg metric go 
coincide, as they are determined by TG U n %. This implies 

Theorem 5.3. Let Y, be a C 2 oriented immersed surface with constant mean curvature 
H in (M,gu,u>). Then the singular set So consists of isolated points and C 1 curves with 
non-vanishing tangent vector. Moreover, we have 

(i) if p G So * s isolated then there is r > and A 6l with |2A| = \H\ such that the set 
described as 

D r (p) = HA S )\ V e t p s > M = M e [o,r)}, 

is an open neighborhood of p in S, where v denote the characteristic curve starting 
from p in the direction v with curvature A (|4.1j) : 

(ii) if p is not isolated, it is contained in a C 1 curve T C So- Furthermore there is a 
neighborhood BofpinY. such that B~T is the union of two disjoint connected open 
sets B + and B^ contained in X — So, and v>h extends continuously to Y from both 
sides of B — Y, i.e., the limits 

v£(q)= lim Uh(x), v~{q)= lim u h (x) 

exist for any q £ Y PI B. These extensions satisfy vt(q) = — ^(s)- Moreover, 
there are exactly two characteristic curves 7^ C B + and 72 C B- starting from q 
and meeting transversally T at q with initial velocities (7i)'(0) = — (72)'(0)- ^ e 
curvature A does not depend on q and satisfies |A| = \H\. 

Proof. By Theorem B] , Lemma 15.11 and Lemma 15.21 So consists of isolated points and 
C 1 curves with non-vanishing tangent vector. Also (i) follows easily. 

Writing 

o(Vu + F) 



(Vu + F,b(Vu + F)) 1/2 
because of [9l Theorem 3.10, Corollary 3.6], we get (ii). □ 

Corollary 5.4. Let S be a C 2 minimal surface with singular set So. Then S is area 
stationary if and only if the characteristic curves meet the singular curves orthogonally with 
respect the metric g. 

The proof is a straightforward adaptation of the Heisenberg one, [351 Theorem 4.16]. 
Another version of the last corollary is presented in [TUl Proposition 6.2] and [71 p. 20]. 

Remark 5.5. [32l Proposition 4.19] implies that, for S a C 2 oriented immersed area- 
stationary surface (with or without a volume constraint), any singular curve of S is a C 2 
smooth curve. 
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Remark 5.6. Another approach to characterize the local behavior of the singular set is 
provided in |36j . where the author constructs a circle bundle over the surface and studies 
the projection of the singular set. 

Now we are able to generalize [§J Theorem E] to general three-dimensional contact sub- 
Riemannian manifolds. 

Theorem 5.7. Let E be a C 2 closed, connected surface immersed in a three-dimensional 
contact sub-Riemannian manifold M , with bounded mean curvature. Then g(E) ^ 1, where 
g(E) denote the genus o/E. 

Proof. By Theorem 15.31 the singular set Eo consists of singular curves and isolated singular 
points. The line field associated to the characteristic foliation, extended to the singular 
curves, has a contribution to the index only due to the isolated singular points, Theorem 
15.31 Now consider a partition of unity {r]i}i£i subordinate to a covering of S with Darboux's 
charts {f/j}iei. By Lemma 3.8] the index associated to the characteristic line field with 
respect to the Heisenberg metric in the Darboux coordinates is 1 and follows that the index 
of the vector field 

is 1 in each singular point of E, since the Darboux's diffcomorphism preserve the index, |37[ 
Lemma 27, p. 446]. Here (fi denotes the Darboux's diffcomorphism in each chart Ui and Zq 
denote the characteristic vector field associate to the Heisenberg metric in ipi(Ui). We get 
x(E) ^ 0, by the Hopf index Theorem, [57] . 

On the other hand for a closed surface x(E) = 2 — 2g(S), which implies <?(E) ^ 1. □ 

Remark 5.8. When E is a compact C 2 surface without boundary in a three-dimensional 
pseudo-hermitian sub-Riemannian manifold, Theorem I in [5] implies immediately x(E) ^ 0. 
Then ,g(E) sC 1. 

6. The first variation formula for C\ surfaces 

Now we present a first variation formula for surfaces of class C\ using variations supported 
in the non-singular set. Given a surface E of class C^, we can express E as the zero level 
set of a function / € C 2 ^ with non- vanishing horizontal gradient. 

Remark 6.1. In H 1 , by [HI Proposition 1.20], see also Lemma 2.4] and the proof of 
Theorem 6.5, step 1, in [17j . the family of smooth surfaces {Ej}j g N = {p G M : fj(p) = 0}, 
where fj := pj * / and pj are the standard Fricdrichs' mollificrs, converge to E on compact 
subsets of E — E . Furthermore also the second order derivatives of fj with respect to 
horizontal vectors fields converge to the second derivatives of /. We denote by Zj, (vh)j 
and Nj, respectively, the characteristic vector field, the horizontal unit normal and the unit 
normal of Ej. Furthermore let (Zj(p), Sj(p)) be an orthonormal basis of T p T,j. We have 
that 

v = (Xf)X + (Yf)Y z= -(Yf)X + (Xf)Y 

Vh V(*/) 2 + (W V(xf) 2 + (Y.f) 2 

and 

= {X.f 3 )X + {Yf 3 )Y = -(Yf^X + jXf^Y 

h> ° VWf + W ° ^{XJW+WW 
so Zj ( resp. (vj)) converges to Z (rcsp. u^) with theirs horizontal derivatives. On the other 
hand 

(Xf)X + (Yf)Y + (Tf)T 



N 



y/(Xf)* + (Yf) 2 + (Tf) 2 
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and 

N = (Xfj)X + (Yfj)Y + (Tf 3 )T 

J v /W,)2 + (y /j )2 + (r/,) 2 ' 

which implies that iVj (rcsp. Sj) converges to N (rcsp. S) but there are not convergence of 
theirs derivatives. 

Lemma 6.2. Let T, be a C 1 surface immersed in M , such that the derivative in the Z- 
direction of Uh exists and is continuous. Assume T,q = 0. Then exists a family of smooth 
surfaces such that 

lim g(S7zAvh)j,Zj) = s(V 'z^h,Z) 
uniformly on compact subsets o/S. 

Proof. It is sufficient to prove the result locally in a Darboux's chart. So we consider £ in 
(R 3 ,'Hoj9«o)' where gu is an arbitrary positive definite smooth metric in Ti a . We denote 
by (i'h)o the horizontal unit normal with respect the Heisenberg metric go. By Remark 16. II 
the statement holds in the Heisenberg metric. As in (|5.4[) and (|5.5[) we have 

K) . = (g^Xjfj) + g 12 Y(f 3 ))X + (g^Xjfj) + g^Yjf^Y 

and 

XJJj)X + Y(fj)Y 



(K)j)o = 



Similar expressions hold for Uh and (^)o- The Z-direction does not depend on the metric, 
since it is determined by T£ n TL. Furthermore, since the coefficients g d are smooth, the 
convergence also holds in the arbitrary metric. 

□ 



Now we are able to prove 



Proposition 6.3. Let £ be an oriented immersed surface in a contact sub-Riemannian 
three-dimensional manifold (M, g-n,u>). Then the first variation of the area induced by the 
vector field U = fvh + IZ + hT, with f,l,h € Cq(S — Sq), is 



d_ 

ds 



_ o A(p a (E)) = - J g(U,N) 



HdT,. 



Proof. Due to the linearity of p.7p respect to U we can compute separatly the variations 
in the direction of Z , Vh and T . By (|3.7[) the variation in the direction of i>h becomes 

/ f\N h \g{V z Vh:Z)dZ. 
s 

The variation produced by T is (|3.7[) 

J{-S(h) + hg(N,T)\N h \g(r(Z),Z)}dJ: = J hg(N \T)g(V z v h , Z)dE, 
s s 
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because of 

{-S(h) + hg(N,T)\N h \g(T(Z),Z)}dZ= . lim ( {-S^h) + hg(N j ,T)\{N h ) j \g{T{Z j ),Z j )}dV j 
= .Hrn^j J hgiNjrfg&z^ZAdEj - J div s | hg{ A ,. I'l 'S, \dSj j 
hg{N,T)g{V z u h ,Z)dY 1 , 



E 

where we have used the Riemannian divergence theorem in the last equality. In an analog 
way 

{ Cl g(N,T)g (J(v h ) ,Z) + \N h \Z(l)}dS = lim f {c l9 (N 3l T)g( J((u h )) j} Z-) + {(Nh^Z^dEj. 

E 

Now since |iVh|Z(Z) = Z(\Nh\l) — lZ(\Nh\), by Lemma [37X1 and Lemma T3. 31 we get 
{c l g{N ) T)g{J(v h ),Z) + \N h \Z(l)}dE = lim [ dw^ilKNh^Z^dEj = 0, 

E E 3 

so we have proved that the variation produced by Z vanishes. Since g(U,N) = f\Nh\ + 
hg(N,T) we finally get 

d 

ds 



A( l p s {E))=- / g(U,N)HdE. 

s=0 



E 

□ 



Remark 6.4. Proposition 16.31 holds also for a C 1 surface £ in which (or cquivantclly Z) 
is C 1 in the Z-dircction. It docs not imply the C\ regularity when T£ n T-L has dimension 
one. We thank F. Serra Cassano for pointing out this fact. 



7. Second variation formulas 

In this section we will compute a second variation formula for a minimal surface consid- 
ering variations in the direction of N and T in the regular part and variation induced by 
the Reeb vector field supported near the singular set of the surface. We restrict ourself to 
the case of pseudo-hcrmitian manifolds. Consider the orthonormal basis {Z, v^^T}, we can 
compute 

[Z,u h ] = ciT + 6(Z)Z + 6(v h )v h 
(7.1) [Z, T] = 9 {t{Z), Z)Z + {g(r(Z), v h ) + 9{T)}v h 

K, T] = {g(T{Z), v h ) - 8(T)}Z + g{r(y h ), u h )v h 

where 9 defined in 13.41 and we have computed 9(T) = — 1 + g(Dxi / h, Z) using (|2.10[) . 

Lemma 7.1. Let £ be a C 2 immersed oriented surface with constant mean curvature H in a 
pseudo-hermitian 3-manifold (M,gu,uj, J) . We consider a point p £ £ — £o and we denote 
by a :/—>£ — So the integral curve of S p . Then the results in Proposition \4-3\ hold with 
Ua(s) = Z a i e \. Furthermore in £ — £o, the normal vector N is C°° in the direction of the 
characteristic field Z . 
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Proof. From (i) in Proposition 14.31 and from (|4.1|) follows that V e and -f £ arc C°° along 
characteristic curves and we express the unit normal to S along j £ by 

N = ±> X Ve 



where x denote the cross product in (M,g). We conclude that N is C°° along j e . □ 

7.1. Second variation in the regular set. Now we present a variation formula in the 
regular part of the surface induced by a vector field of the form vN + wT . 

Lemma 7.2. Let E be a C 2 surface of constant mean curvature H in a pseudo-hermitian 

3-manifold (M, g-u,u>, J) . Then we have 

(7.2) 

g(R(T, Z)v h , Z) = -v h {g{r{Z),Z)) + Z(g(r(Z), v h )) - 2u{u h )g{r{Z), v h ) + 2Hg{r{Z) 1 Z). 

Proof. By (|2.10l) it is not difficult show (see [TS1 Theorem 1.6] for the case in which c\ = 2) 

(7.3) g(R(T, Z)uh, Z) = g(R LC (v h , Z)T, Z), 

where R is the curvature tensor with respect to the Levi-Civita connection, that can be 
easily computed as 

g(R LC (v h ,Z)T,Z) = -v h (g{T(Z),Z)) + Z(g(T{Z),v h ))-2u{v h )g{T{Z),v h )+2Hg{T{Z),Z), 
take in account ([2~TU]l and (|2Td| . □ 

Theorem 7.3. LetT, be aC 2 minimal surface in a pseudo-hermitian 3-manifold (M, gn,uj, J) 
, with singular set Eo- We consider a C 1 vector field U = vN + wT, where N is the unit 
normal vector to E and w, v G Cq(E — Eo). Then the second derivative of the area for the 
variation induced by U is given by 

(7.4) A"(0) = J {liVfcl" 1 ^) 2 + u 2 q}dZ + J div^Z + (Z + V S)dZ, 

s s 

with 

Z = g(N,T){\N h \9(S)+c ig (N,T) 2 + (1 + g(N, T) 2 )g(r(Z), v h )}u 2 , 
C = |^| 2 |{.9(^, T)(\N h \6(S) +cig(N, T) 2 + (1 +g(N, T) 2 )g(r(Z), v h ))w 2 - 2g(B(Z), S)vw}, 
V = (\N h \ 2 v 2 - {g(N, T)v + w) 2 )g(r(Z), Z) 

and 

q = \N h \{-W + cj+ c ig (r(Z), v h )} - \N h \(\N h \( Cl + g(r{Z),v h )) - 6{S)) 2 
+ g(N, T)g(R(Z, T)v h , Z) - g(N, T)Z(g(r(Z),u h )), 

where u = g(U,N), R is the pseudo-hermitian curvature tensor and B is the Riemannian 
shape operator. 

Remark 7.4. If E is area stationary without boundary, then 

div s (fS) = 0, 

for every / g C^(E), by Corollary Ol 
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Proof, (of Theorem 17. 3|) We can reason as in the proof of the first variation formula. Wc 
have 

U(\V\) = ^g(VuV,V) 



and 

We fix 
so we get 



\V\ 

U(U(\V\)) = --L-gtfuV, V) 2 + -L (giVuVu^V) + |V^| 2 ) 

X:=g(WuV,V), 



(7.5) U(U(\V\)) = -L J g(VuVyV,V) + g(yuV,VuV - ^V) 



II * v 

I 

As V = g(E 1 ,T)E 2 - g{E 2 ,T)E 1 wc compute 

(7.6) VuV(0) = U{g(E u T))S - U{g(T, E 2 ))Z + \N h \VuEi. 
Observing g(E±,T) = and 

we have 

(7.7) V V V - - U{g{E 1 ,T))S + \N h \g(y v Ei, S)S + \N h \g(VuEi, N)N. 

By lA^IS = g(N,T)N-T and lA^TV + gr(JV, T)5 = v h wc obtain 

/ = .g(V c/ £; 1 ,iV) 2 . 

Using (i) in lemma EIU T = g(N, T)N - \N h \S and v h = g(N, T)S + \N h \N wc have 

(7.8) I = {Z(g(U, N) + g(N, T)\N h \g(U, N)(* + g(r(Z),v h )) - g{U, S)\N h \6{S)} 2 
and 

\N h \- l I = \N h \- l Z(u) 2 + 2g{N, T)uZ{u){ Cl + g{r(Z), v h )) 
(I) + g{N,T) 2 \N h \u 2 ( Cl + g{T{Z),v h )) 2 + 2Z(u)\N h \w6{S) 

+ 2g(N,T)\N h \ 2 uw9(S)(c 1 + g{r{Z\ v h )) + w 2 \N h \ 3 6{S) 2 , 

where u = g(U, N). 
Now we consider 

IN^II = g(R(V, U)U, Z) + g(V v VuU, Z) + g(V {u . v] U, Z) + g(Vu[U, V], Z) 

S v ' S v ' ^ w ' 

A B C 

+ g(VuTor v (U,V),Z), 

D 

as 

g(VuV v U, V) = g(R(V, U)U, V) + g(V v VuU, V) + g(V {u , v] U, V). 
By equation (|2.10[) wc obtain 

(7.9) V V U = -g{U,v h fg{T{Z),Z)T - g{U,T)g{U,v h ){ Cl Z + T (y h )), 
furthermore by (i) in Lemma 13. II and DjjU = we have 

B = - Z{v{g(N, T)v + w)\N h \ 2 (c ig (r(Z), v h ))) 

- g(N, T)Z(g(N, T))v(g(N, T)v + w){c l9 {T{Z),v h )) 
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and for the linearity of R we get 

A=\N h \ 2 v(R(Z, U)v h ,Z). 
On the other hand as [U,V] = U(g(E 1 ,T))E 2 - U{g(E 2 ,T))E 1 and £ stationary we have 
C = (Z(g(U, T)) + c l9 {U, y h )){2g(U, u h )9{S) ~ (g(N, T)g(U, T) - \N h \g(U, v h ))g(r(Z), v h )) 

- S(g(U, T))g(U, T)g(r(Z), Z) - U(U(g(T 7 E 2 ))) 

and writing -U{U{g{T, E 2 )) as 

-S(g(VuU, T)) + c l9 (N, T)g(VuU, Z) - ag(V s U, J{U)) - c l9 (Tor v (U, S), J{U)) 
that is 

- S(g(U, u h ) 2 g(r(Z), Z)) - c l9 (N, T)g(U, T)g(U, u h )(2g(r(Z), v h )) 
+ c ig (U,v h )(g(N,T)g(U,T) - \N h \g(U,v h ))g(r(Z),u h ) - c l9 {U, v h ) 2 9(S), 
we get that G equals 

Z(g(N, T)v + w)ug{T(Z),v h ) + Cl \N h \ 2 v 2 8(S) - c l9 (N, T)\N h \(g(N, T)v + w)v(2g(r(Z),iy h )) 
+ 2Z(g(N, T)v + w)\N h \v9(S) + S(g(U, u h ) 2 g(r(Z),Z)) - S(g(U, T))g{U, T)g{r{Z),Z). 

Now V en implies D = -\N h \g{U,is h ) 2 (g(T(Z), Z)) 2 + g{U,T)g{V 'ut{V), Z). On the 
other hand 

g(Vur(V), Z) = 9 (Vut(V) - V V U, Z) + 9 (V v t(U),Z), 
where 9 (V v t(U),Z) = Z{\N h \g(U,v h )g(r{Z),v h )) - Z(\N h \)g{U,v h )g(T(Z),v h ) and 

9(yur(V) - V v t(U),Z) = g{{V uT )V - (V v r)(7, Z) + 9 (t(Z), [U, V] + Tor(U, V)). 
We have that g((Vur)V - (V v r)U, Z) is equal to 

\N h \g(U, y h )g((V Vh T)Z - {V z r)v h ,Z) + g(U, T)\N h \g((W T r)Z, Z) 
and by Theorem 1.6 in [15] and the fact that (Vxt)Y is a tensor we obtain 

9((Vut)V- (Vvt)U,Z) = -\N h \g(U,v h )g(R(T, Z)v h ,Z) + \N h \g(U,T)(T( g (r(Z), Z)) 

+ 2g(r(Z),v h )u,(T)). 

Finally since g(Tor(U, V), t(Z)) = g{U,T)\N h \{g(T{Z),v h ) 2 + (g(r(Z), Z)) 2 ) and writing 
9 (t(Z),[U,V}) as 

- S(g(U, T))g(U, T)g(r(Z), Z) + g(N, T)g{r{Z), Vh ){Z{g{U, T)) + c l9 {U, v h )) 
together with (i) in Lemma |3. II we obtain that D equals 

- \N h \g(U, y h ) 2 {g( T {Z), Z)) 2 + \N h \(g(N, T)v + w) 2 (T(g(r(Z), Z)) + g{r{Z), u h ) 2 
+ ( 9 (t(Z), Z)) 2 ) - \N h \ 2 (g{N, T)v + w)vg(R(T, Z)u h , Z) + 2u(T)g( T (Z),v h ) 

+ \N h \{g{N,T)v + w)Z{\N h \vg{r{Z),v h ))+c 1 g{N,T)\N h \v{g{N,T)v + w)g{r{Z),v h ) 

- S(g(U, T))g(U, T)g(r(Z), Z) + g(N, T)Z(g(N, T)v + w)(g(N, T)v + w)g(r(Z), v h ). 

The sum of all terms that contain g(r{Z), Z), after have used lemma [3731 is 
^E((|A r h| 2 i' 2 -(g(A r ,r) U + W ) 2 ). g (r(Z),Z)5)+.g(^,T)(.g(iV,r) t ; + W ) 2 ^(. g (r(Z),Z)). 

By the definition of 9 we have 

Z(9(S)) = g(R(S, Z)v h , Z) + 9([Z, S}) 

= g(R(S, Z)u h , Z) + g(N, T)9{S) 2 - g{N, T)\N h \9(S)( Cl + g{r{Z),v h )), 
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where we used that [Z,S] is tangent to E. We note that since V z^h = (|7.10[) make 
sense when E is of class C 2 . Furthermore by Lemma T3. 31 and equation (|7.10[) we have that 
2Z(u)\N h \w6(S) + 2Z(g(N, T)v + w)\N h \v9(S) is equal to 

divx(g(N, T)\N h \(v 2 + w 2 )6(S)Z) + Z{9 ^ )) e{S){v 2 + w 2 ) 

+2diw(\N h \vw6{S)Z) - 2vwZ(\N h \)6(S) - 2vw\N h \g(R(S, Z)u h , Z) 
- g(N,T)\N h \(v 2 + w 2 )g(R(S, Z)v h ,Z) 
and similary B equals 

c l9 {N, T)\N h \v(g(N, T)v + w)( Cl g(r(Z), u h ))-divv(\N h \ 2 v(g(N, T)v + w){c ig ( T {Z),v h ))Z). 

In the same way g{N ,T)Z{u 2 ){g(T{Z),v h )) + g{N 7 T) 2 \N h \u 2 ( Cl + g{T(Z),v h )) 2 can be ex- 
pressed 

divv(g(N,T)u 2 (g(T(Z),v h ))Z) - g{N,T)u 2 Z{g{T{Z),u h ))W\N h \c x {c x + g{r{Z),u h )) 

+ u 2 ( 9 (t(Z), u h ))6(S)-u 2 \N h \ 3 {g( T {Z), u h )f . 

Furthermore -Z(g(N, T)v+w)(u+g(N, T) 2 v-g(N, T)w) + \N h \(g(N, T)v+w)Z(\N h \vg(T(Z),v, 
become 

divv{g(T(Z),v h )(g(N, T)v + w)(v + g(N, T)w)Z) 

+ g(N, T)(-9(S) - \N h \(2g(r(Z),u h )))g(T(Z),u h )(g(N, T)v + w)(v + g(N, T)w) 
- g(N, T)(g(N, T)v + w) 2 Z( 9 (t(Z), u h )) - Z(g(N, T))g(r(Z), v h )w(g(N, T)v + w) 
and all the other terms not considered are 

{Nhl^Ziu) 2 + \N h \ 3 v 2 g(R(Z, u h )u h ,Z) - 2\N h \ 2 v{g{N, T)v + w)g(R(T, Z)u h , Z) 

and 

2g(N,T)\N h \ 2 uw8(S)(2g(T(Z),v h )) + \N h \ 3 8(S) 2 w 2 + 2\N h \ 2 v 2 8(S) 

~4g(N,T)\N h \v(g(N,T)v + w)-\N h \(g(N 1 T)v + w) 2 (g(T(Z),v h ) 2 

Since g(R(Z, Vh)Vh, Z) = —W we have that the terms in which appear the curvature tensor 
are equal to 

(7.11) -\N h \Wu 2 + g{N, T)\N h \ 2 (w 2 - v 2 )g(R(T, Z)u h , Z) 

and by equation we have (jTTTj) sums with g(N,T)(g(N,T)v + w) 2 (^(.g(r(Z), Z)) + 
2u(vh)g(T{Z), u h ) - Z{g{r{Z), u h ))) is 

-\N h \Wu 2 - g(N, T)u 2 g(R(T, Z)u h , Z). 

Finally a long but standard computation shows that the remaining terms add up to 

c lU 2 \N h \( Cl + g{r(Z), u h )) - \N h \(\N h \( Cl + g(r(Z), u h )) - B{S)) 2 u 2 - g(N, T)u 2 Z{g{r{Z), u h 

+ g(N, T)(g(N, T)v + w) 2 { Vh (g{ T (Z), Z)) + 2u(u h )g( T (Z), u h ) - Z(g( T (Z), u h ))). 

Since that u 2 = v 2 + 2g(N, T)vw + g(N, T) 2 w 2 , we get the statement. 

□ 

Remark 7.5. If we suppose that our variation is not by Riemannian geodesies, i.e. we 
remove the hypothesis DjjU = 0, we get the additional term 

(7.12) -J divx{\N h \g(DuU,Z)Z)dZ + J divz(g(DuU,T)S)dZ. 

S £ 

It is worth mention to remark that (|7.12[) vanishes when the variation functions w, v have 
support in the regular set. 
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Proof. From the term -U{U{g{E 2 , T))) we have S{g{D v U, T)) - ag(N, T)g{D v U, Z). Fur- 
thermore 

\N h \g(V z DuU,Z) = -Z(\N h \g(D u U,Z))+g(D u U,Z)Z(\N h \) 
and \N h \- 1 g{D u U,T)g{T{V),V) = g(DuU,T)\N h \g(r(Z), Z). By lemma EO we have 

Z(\N h \)=g(N,T)(\N h \6(S) + Cl -\N h \ 2 (2g(T(Z),v h ))) 
and, as no others terms are involved, we conclude applying Lemma [5751 □ 

7.2. Second variation moving the singular set. By Theorem 15.31 the singular set of a 
C 2 surface is composed of singular curves and isolated singular points without accumulation 
points. First we present a second variation formula induced by a vertical variation near a 
singular curve, i.e. in a tubular neighborhood of radius e > of the singular curve that is 
the union of all the characteristic curves centered at (So)c defined in the interval [— e,e]. 

Lemma 7.6. Let £ be a complete C 2 area- stationary surface immersed in M , with a sin- 
gular curve r of class C 3 . Let w E C 2 (S). We consider the variation of £ given by 
p — > cxp p (rw(p)T p ) . Let U be a tubular neighborhood of supp(w) PI T, and assume that 
w is constant along the characteristic curves in U. Then there is a tubular neighborhood 
U' C U of supp{w) H r so that 

A "(Vr(U')) = ^A(MU')) = J {2w 2 \N h \(g{r{Z) lVh f + 5 (r(Z), Z) 2 )}dS 

s 

+ J div s (w 2 g{T(Z) 7 Z)S)dT, + J S{w) 2 dT. 
s r 



Proof. We consider the singular curve T parametrized by arc-length with variable e. By 
Theorem 15.41 we can parametrize S in a neighborhood of supp(w) H T by (s,e), so that the 
curves with e constant are the characteristic curves of H As Ei are Jacobi-like vector fields 
it is easy to prove that g{E u T)" = 0, so that g{E u T) = g(E t , T)'(0)r + g(Ei,T)(0) and, in 
particular, we have g{E u T) = 0. This means that \V(r)\ = \g(E 2 ,T)\\E 1 \ = \F(p, s, r)||£a | 
which vanishes if and only if F{p, s, r) = 0. As 



ds 



"Cl, 



we can apply the implicit function theorem i.e., there exists s(e,r) such that the curve 
F(p, s(e, r), r) = is a graph on T(e). We have obtained 



\F(p,s,r)\\Ex\dsd£ 



-so —So 
so ( s (e,r) 



J | J F(p,*,r)|£i|d«- J F(p,*,r)|£i|dfl > de = J f e (r)de 



— SO I -So 



s(e,r) 
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and 

dFjpM^rl dsj^r) S Y dFjp^ r]_ d\E t \ , d 2 \Ex\ ^ 
fAr) = 2 ¥r ^^r~ + J + F (P-^)^^)ds 

-so 

or or or z J 

s(e,r) 

So 

= w{ef + J 2S(w)U(\E 1 \) + {NhpiUQE^ds 

-so 

we have that the second variation formula becomes 
A"(ip r (U')) = J S(w) 2 + J{2S(w)U(\E 1 \) + \N h \U(U(\E 1 \))}d^ 

(2o)c S 

= / {2™SH ff (r(Z), Z) + U ; 2 |iV, l |(2.g(r(Z), + «?(t(Z), Z) 2 )}d£ 



+ / s( w ) 2 



(E )c 



{2w 2 \N h \(g(T(Z),v h ) 2 +g(T(Z),Z) 2 )}dz-;+ / ^ s ( W 2 ff (r(Z), Z)S)dH 



+ J S(w) 2 , 

(Eo)c 

where we have used lemma 13.31 and 

E/MI-EiD) = sCVt/Vt/^i, E x ) + g(V u E 1 ,V u E 1 - (g(VuE u E^/lE^Ex) 
= wg{W U T(E l ),E 1 ) + g(VuE u Nf + g{\7 u E 1 ,E 2 ) 2 
= Z(w) 2 + w 2 {2g(r(Z), v h f + g(r(Z), Z) 2 } 

as 

g(W u r(E 1 ),E 1 ) = w(g(r(Z), Z) 2 + g(r(Z), v h f ) 
because of [15l equation 1.77]. 



□ 



Remark 7.7. The hypothesis r £ C 3 is purely technical. We only need it when we apply 
the implicit function theorem and it can be weakened. On the other hand in all examples 
in our knowledge singular curves in area-stationary surfaces are C°° . 

Finally we consider a variation which are constant in a neighborhood of the singular set. 
This hypothesis is reasonable when we move the surface close to isolated singular points, 
otherwise the second variation blow-up. By a tubular neighborhood of a singular point q we 
mean the union of all the characteristic segments of length e going in q or coming out from 

q- 

Lemma 7.8. Let £ be a complete C 2 area- stationary surface immersed in M with an 
isolated singular point pq. Let w € Cq(S). We consider the variation of £ given by 
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p — > exp p (rw(p)T p ) . Let U be a tubular neighborhood of po and assume that w is constant 
near pa . Then there is a tubular neighborhood U' C U of po so that 

A"(cp r (U')) = J {2w 2 \N h \(g{r(Z) lVh f + .g(r(Z), Z) 2 )}dE. 

s 

The proof is an analog of the previous one using variations moving singular curves. We 
note that in this case F(p, s, r) = if and only if p is equal to the original singular point po 
and the statement follows. 

Remark 7.9. We note that Theorem [JJ3J coincide with [22 Theorem 3.7] in the spacial case 
of the Heisenberg group H 1 and with (331 Theorem 5.2] for three Sasakian sub-Riemannian 
manifolds. It can be easily see by (iv) in Lemma |3. II Furthermore we will see in the next 
section that (|7.4[) generalize the second variation formula in [5] . 



8. TWO STABILITY OPERATORS. 

The first stability operator which we present gives a criteria for instability in the regular 
set of a surface. It is the counterpart of the Riemannian one. 

Proposition 8.1. Let E be a C 2 immersed surface with unit normal vector N and singular 
set Eo in a pseudo-hermitian manifold (M, gu, oj, J). Consider two functions u £ Co(E — Eo) 
and v £ Co(E — Eo) which are C 1 and C 2 in the Z-direction respectively. J/E is stable then 
the index form 

I(u,v) := [ {\N h \- x Z{u)Z{v) + quv}cE = - [ u£(v)dZ > 



where C is the following second order differential operator 
(8.1) 

C(v) := lAg-^Z^^+KI-^^TX^lAg^^ 
with q defined in Theorem \ 7. 3\ 

Proof. Following [53J Proposition 3.14] we prove that C(v) = dw s ( | | _ 1 Z(v)Z) + |A^|~ V 
In fact 

divnQNhl^Z^Z) = Z{\N h \- 1 Z{v)) + \Nh\~ 1 Z{v)div s Z. 
So by Lemma 13.11 we have 

^(l^r 1 ^^)) = |^|- 1 ^(^( l ;))+|A^, l |- 2 5 (A^,T)(-|^^(5)- Cl + |^| 2 (c 1 +.9(x(^),^ l )))^(^) 
and div i: (Z) = -g(N,T)6(S) + g(N,T)\N h \(c 1 +g(T(Z),v h )). 
Finally it is sufficient to observe 



0= / div s (\N h \- 1 Z(v)uZ)dE = / udw s (|iV/ i r 1 Z(w)Z)dE + / \Nh\~ 1 Z(v)Z(u)dY; 
uC{v)dY> + X(u, v). 



Really we need u, v £ Cq(E — Eo), but this condition can be weakened with an approxi- 
mation argument, as in |23l Proposition 3.2]. 

□ 
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Now wc present the analogous of [23l Lemma 3.17] and [231 Lemma 4.1], which are a sort 
of integration by parts and a useful stability operator for non-singular surfaces respectively. 
The proofs of the following Lemmae are straightforward generalization of the Heisenberg 
case. 

Lemma 8.2. Let £ be aC 2 immersed surface in a pseudo-hermitian 3-manifold (M, gu, J) 
, with unit normal vector N and singular set £q. Consider two functions u 6 Co(S - So) 
and v G C(£ — £o) which are C 1 and C 2 in the Z-direction respectively. Then we have 

\N h \{Z(u)Z(v) + uZ{Z(v)) + cipVhl-yjV, T)uZ(v)}dX = 0. 

Lemma 8.3. Let £ be a C 2 immersed minimal surface in a pseudo-hermitian 3-manifold 
(M, gu,u>, J) , with unit normal vector N and singular set So- For any function u S 
Co(£ — So) which is also C 1 in the Z-direction we have 

J(«|JV h | J «|iV h |)= / \N h \{Z(uf - C(\N h \)u 2 }dZ. 



Now it is interesting compute £(|iV/i|). 

Lemma 8.4. Let £ be a C 2 immersed minimal surface in a pseudo-hermitian 3-manifold 
(M,g H ,u,J) . Then 

£(\N h \) = W + c 1 g(T(Z),v h )-2c 1 \N h \- 2 (\N h \6(S)~\N h \ 2 g(T(Z),^ 

Proof, (of Lemma I8.4[) By (v) in Lemma 13.11 we have that 

Z(|JV fc |) = g(N,T)(\N h \9(S) + Cl - \N h \ 2 ( Cl + g(r(Z), u h ))) 

and so 

Z(Z(\N h \))=-\N h \(\N h \6(S) + Cl - \N h \ 2 ( Cl +g(T(Z),v h ))) 2 

+ Z(\N h \)(g(N,T)e(S)-2g(N,T)\N h \(c 1 +g(r(Z),u h ))) 
+ g(N,T)\N h \Z(6(S)) - g(N,T)\N h \ 2 Z(g(T(Z),v h )). 

Now we observe that 

-g(N,T)(c 1 \N h \- 1 + 9(S))Z(\N h \) = Z(\N h \)(g(NX)d(S)-g(N 7 ^^^ 

T \-2\N h \6(S) - ci + \N h \ 2 { Cl + g{r{Z),v h )))Z{\N h \) 



\N h \ 
and 

-\N h \(\N h \8(S) + Cl - \N h \ 2 { Cl +g{T{Z),u h ))) 2 = -\N h \ 3 (8(S) - |JV h |( Cl + g(r(Z), v h ))) 2 

- c 2 \N h \ - 2 Cl \N h \ 2 (6{S) - \N h \( Cl +g(T{Z),u h ))). 

Now it is sufficient to substitute, use Lemma 13.11 (v), and (|7.10l) to obtain the required 
formula. 

□ 

Remark 8.5. By Lemma \8. 41 it is simple to prove that our formula coincide with the one 
in [3] in the special case of C 3 surfaces, as the authors obtained that formula by deriving the 
mean curvature. By 

'g(N,Ty 



\N h \ 



\N h \- s Z{g{N,T)) 
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and (v) in Lemma 13. II we have 

(8.2) C(\N h \) = W- c i9 (t(Z), v h ) + 2 Cl z(^p) + 4^^" 

Equation (|8.2p gives an easy criterion for the stability of vertical surfaces, which are the 
surfaces in which g(N,T) = holds. In the Hcisenberg group these surfaces are vertical 
planes and their stability was first proved in [14] . 

We conclude this section pasting the variations in the regular and in the singular set, to 
obtain a stability operator in the spirit of [23l Proposition 4.11]. By a tubular neighborhood 
of (£o)c H supp{u) we mean the union of the tubular neighborhood of each singular curve 
and each singular point lie in supp(u). We note that we are interested in a finite number 
of singular curves and singular points, as we use variation function u compactly supported 
and by Theorem 15.31 

Theorem 8.6. Let £ be a C 2 oriented minimal surface immersed in a pseudo-hermitian 
3-manifold {M,gfi,uj,J) , with singular set £o and = 0. If S is stable then, for any 
function u G Cq(E) such that Z(u) = in a tubular neighborhood of a singular curve and 
constant in a tubular neighborhood of an isolated singular point, we have Q(u) 0, where 

Q(u) := J{\N h \- 1 Z{uf + qu 2 }d^ + 2 J (£ + Qg{Z, v)u 2 d(Z ) c + J S(u) 2 d(X Q ) c . 

S (So)c (S ) c 

Here d(So)c is the Riemannian length measure on (So)c v is the external unit normal to 
(Eo)c and q,£,C are defined in Theorem \ 7. ffl 



Proof. First we observe that Q(u) is well defined for any u £ Co(S), which is piecewise C 1 
in the Z-dircction and C 1 when restricted to So- First we prove 

Q(v) ^ 0, for any v e Cq(E) such that Z(v/g(N,T)) = in a small tubular 

(8-3) 

neighborhood E of (So)c- 

Here we denote £o fl supp(u) by (So)c- Clearly the last hypothesis implies \Nh\~ 1 Z(u) 2 e 
£ 1 (E). Denoting by er the radius of E and by A the support of u, respectively, we let E a be 
the tubular neighborhood of (So)c of radius a £ (0, cto/2) and let h a , g a be C X, (S) functions 
such that g a = 1 on K n E a , supp(g,j) C E 2a and h a + g a = 1 on K. Finally we define 

(8.4) U a = {h a v)N + g a — ^—T. 

Observe that supp(U a ) C A and g{U a ,N) = v on A'. Now we define a variation <^(p) = 
expp(r([/ CT ) p ) and the area functional A a (r) = A(<^(£)). As this variation is vertical when 
restricted to E a we have that A"((p^(E a )) is given by 



A"(<p5(E a )) = j{2v z \N h \{g{T{Z),v h y+g{T{Z),Zy)}dV+ J 8{vYdSl 

E„ (S )c 

and by Theorem 17.31 we have 

A" -E a ))= J {\N h \^Z{uf + u 2 q}d^+ j divx(ZZ + (Z + r)S)dE. 

Yi — Ea- Yi — Ea- 
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If E is stable then A"(0) ^ 0, so using the Ricmannian divergence theorem we have 

{2v 2 \N h \(g(r(Z),u h ) 2 + (g(r(Z),Z)) 2 )}dE + J S( V ) 2 d£ 

(£o)c 

{\N h \- l Z{uf + u 2 q}dT, + 2 ( (£Z + (Z)g(Z,v)dl^Q, 



where v is the unit normal pointing into E a and dl denote the Ricmannian length element. 
Letting a — > 0, by the dominated convergence theorem we have proved condition 18.31 

Now we suppose u 6 Cq(E) with Z(u) = in a tubular neighborhood E of (Eo) c - Then 
for any a £ (0, 1) let D a be the open neighborhood of (£o) c such that \g(N,T)\ = 1 — a 
on dD a . Exists cr > such that D a C E for a € (0, oo). Now we define the function 
$ a : E -> [0, 1] given by 

, _/| 5 (JV,r)|, inS;, 

l—o", in E — Z)^. 



V 



We note that 4>a is continuous, piecewise C l in the Z-direction and the sequence {4><j}a£(o.a„) 
pointwise converge to 1 when a — > 0. Using Lemma [3.11 we have that \Nh\~ 1 Z(g(N, T)) 2 
extends to a continuous function on E, so 



lim / \N h \- 1 Z{dp a ) 2 dZ = 0. 

C-J-CTQ J 



Now little modifying § a around dD a we can consider a sequence of C 1 functions {Vvjo-e^.o-o) 
with the same properties. Defining v a = ^J a u we have Q(v a ) ^ for any a £ (0,i7o) by 
condition 18.31 Now is sufficient use the dominated convergence theorem and the Cauchy- 
Schwartz inequality in L 2 (£) to show Q(v a ) — > Q{u) for a — > and prove the statement. 

□ 



9. Stable minimal surfaces inside a three-dimensional pseudo-hermitian 

sub-rlemannian manifolds. 

We present a generalization of [33l Proposition 6.2] in the case of a minimal vertical 
surface of class C 2 inside a three dimensional pseudo-hermitian manifold. A surface E with 
unit normal vector N is a vertical surface if g(N,T) = 0. Obviously a vertical surface has 
empty singular set. 

Proposition 9.1. Let E be a C 2 vertical minimal surface inside a pseudo-hermitian 3- 
manifold [M, g-u,U), J) ■ 

(i) If W — cig{T(Z),Vh) > on E, then E is unstable. 

(ii) If W — cig{r(Z),Vh) ^ on E. then E is stable. 

Proof. For vertical surfaces 18.21 becomes 

l(u\N h \,u\N h \) = J \N h \[z{u) 2 -(W- c i9 (t(Z), ^))« 2 }rfE. 

E 

When W — cig(r(Z), Uh) > and E is compact we can use the function u = 1 to get the 
instability. In the non-compact case we can prove (i) with a suitable cut off of the constant 
function 1. Point (ii) is immediate. □ 
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It is remarkable that the sign of the quantities W — cig(r(Z), Vh) can be studied at least 
for three-dimensional Lie groups carrying out a pseudo-hermitian structure. We have the 
following classification result [IHl Theorem 3.1] 

Proposition 9.2. Let M be a simply connected contact 3-manifolds, homogeneous in the 
sense of Boothby and Wang, [3] . Then M is one of the following Lie group: 

(1) if M is unimodular 

— the first Heisenberg group H 1 when W = |r| = 0; 

— the three-sphere group SU(2) when W > 2\t\; 

— the group SL(2,R) when -2|r| ^ W < 2|r|; 

— the group E(2), universal cover of the group of rigid motions of the Euclidean 
plane, when W = 2\t\ > 0; 

— the group E(l, 1) of rigid motus of Minkowski 2-space, when W = — 2\t\ < 0; 

(2) if M is non-unimodular, the Lie algebra is given by 

[X,Y]=aY + 2T, [X,T]=-yY, [Y,T] = 0, a ^ 0, 

where {X, Y} is an orthonormal basis ofH, J(X) = Y andT is the Reeb vector field. 
Ln this case W < 2\t\ and when 7 = the structure is Sasakian and W = —a 2 . 

Here \t\ denote the norm of the matrix of the pseudo-hermitian torsion with respect to an 
orthonormal basis. 

A Lie Group is unimodular when his left invariant Haar measure is also right invariant 
Hi P- 248]. 

We remark that in [29] the author gives the classification in terms of the equivalent 
invariant W\ = W/A and |ti| = 2\/2|t|. It is simple to show that if M is unimodular then 

(9.1) W= Cl{C3 ~ C2) and |r| = ^±^, 

where the Lie algebra of M is defined by 

[X, Y] = ciT, [X, T] = c 2 Y, [Y, T] = c 3 X, 

with {X, Y} orthonormal basis of H, J(X) — Y,T the Reeb vector field and the normal- 
ization ci = —2. In the non-unimodular case we have 

(9.2) W = -a 2 — 7 and |t| = | 7 |. 

Furthermore in a unimodular sub-Ricmannian Lie group G the matrix of r in the X, Y, T 
basis is 

£^±£3 
s^pi 


and by |15l p. 38] we can compute the following derivatives 
(9.3) 



V X I = 0, VyX = 0, W T X = ° 3 n C2 Y, 



V X Y = 0, V Y Y = 0, V T Y = ^j^X. 

If we consider another orthonormal basis {Xi,Yi,T} where J(Xi) = Yy,Xi = a\X 
a-iY, Y\ = — a 2 X + a{Y the new torsion matrix becomes 

(c 2 + c 3 ) ai a 2 S±^( a 2- a 2) 
(9.4) I ^±2L(4-a 2 2 ) (c 2 +c 3 ) ai a 2 
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Lemma 9.3. Let £ a surface of constant mean curvature H immersed in a unimodular Lie 
group G . Then 

g(R(T, Z)v h , Z) - Z(g(r(Z), v h )) = 2Hg(r(Z), Z), 
which vanishes when £ is minimal. 

Proof. By ([12} we can express g{r{Z), v h ) = (c 2 + c 3 )(l - 2g(Z,X) 2 )/2 and 
Z(g(r(Z), vh)) = -2(c 2 + c 3 )g(Z, X)(g(V z Z, X) + g{V z X, Z)). 
Taking into account (|4.ip and (|9.3p wc obtain 

(9.5) Z(g(r(Z), v h )) = 2Hg(r(u h ), v h ). 

On the other hand v^giriZ), Z)) = (c 2 + c^v^givh, X)g(vh, Y)), calculating 
u h (g(r(Z), Z)) =(c 2 + c 3 )g{v h ,Y){g{V Vh v h ,X) + g{V Vh X, v h )) 

(9.6) + (ca + c 3 )g(v h , X)(g(V Vh v h ,Y) + g(W Uh Y, v h )) 

= -26(v h )g(T{Z),v h ), 

where wc have used (|9.3p . Finally taking into account (|7.3p . (|7.2[) . (|9.5p and (|9.6[) we get 
the claim. □ 

Lemma 9.4. Lei £ be a C 2 immersed minimal surface in M. Consider two functions 
u G C(£ — £o) and V £ C(£ — £o) which are C 1 and C 2 in the Z -direction, respectively. If v 
never vanishes, then 
(9.7) 

Xiuv-^Nhluv^Nhl) = [ \N h \v- 2 Z(u) 2 dZ 

U2 l r 7 , r7t -A^ cig(N,T) 4 



' \N h \u 2 {Z(v-y -Z(Z(0) - -±^±_±Z(v-*)}dZ 



J \N h \£(\N h \)(uv- v ) 2 dZ. 



The proof is the same as of [331 Lemma 4.3] except that Lemma 18.21 is used instead of 
[231 Lemma 3.17]. 

Proposition 9.5. Let £ be a complete orientable C 2 minimal surface with empty sin- 
gular set immersed in a pseudo-hermitian 3-manifold (M, gu, u>, J) . We suppose that 
g{R{T, Z)v h , Z) - Z(g( T (Z), v h )) = on £ . // 

(W-c ig (r{Z),v h ))(p o )^0 

for some po £ £, then the operator C satisfies C(\Nh\) ^ on the characteristic curve 
7o passing through po- Moreover, C(\Nh\) = over £ if and only if g(N,T) = and 
W - c 1 g(r(Z), v h ) = on j . 

Proof. We consider a point p € £. Let / an open interval containing the origin and a : / — > £ 
a piece of the integral curve of S passing through p. Consider the characteristic curve 7 e (s) 
of £ with 7 e (0) = a(e). We define the map F:Jxt4S given by F(e, s) = 7 e (s) and 
denote V(s) := (dF/de)(0, s) which is a Jacobi-like vector field along 70, Proposition 14.31 
Clearly V(0) = (S) p . We denote by ' the derivatives of functions depending on s, and the 
covariant derivative along 70 respect to V and 70 by Z. By (|4.4[) and (|4.5[) 

(9.8) g(V,T)' = -c l9 (V,p h ), 
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(9.9) -g(V, T)" = a\g(V, Z) - Z(g(V, v h )) 

ci 

since 

g(V, v h ) = Z(g(V, v h )) + g(V, J(V Z Z)) = Z(g(V, v h )). 

Now we show that {V,Z} is a basis of TE along 70. It is sufficient to show that g(V,T) 
and g(y,Vh) do not vanish simultaneously. Suppose there exists sq such that g(V,T)(so) = 
g(V,fh)(so) = 0. This means that V(sq) is co-linear with (Z) So and 

g(V,TY( So ) = g(V,T)"( SQ ) = 

by (|9.8p and (|9.9|) . As g(V, T) satisfies the differential equation in Proposition 14.31 fiv) we 
deduce g(V, T) = along 70 which is impossible as g(V, T)(0) = — \Nh\ < 0. We have proved 
that g(V,T) never vanishes along 70 as £0 is empty. 

By (|9.5[) we have W — C\g{r{Z\ v^) — k 2 , with k ^ 0. If k = then solving the ordinary 
differential equation in Proposition 14.31 (iv) we have 

g(V,T)(s) = as 2 + bs + c, 

where a, b, c are given by 

a = j(KT)"(0)/2 = - Cl Z(g(N,T))/2, 
b = g(V,T)'(0) = -c ig (N,T), 
c = g(V,T)(0) = -\N h \. 

Now g(V, T) 7^ implies b 2 — 4ac < or a = 6 = 0. In the first case we get 

b 2 - 4ac - {c 2 g{N, T) 2 - 2 Cl |iV ft |Z( 5 (7V, T))} ^ -{c?<7(iV, T) 2 + 2 Cl \N h \Z(g(N, T))} 
and the right term is equal to 



I V Ml 7 Ml 2 

which implies £(|iV/i|) ^ 0. On the other hand a = b = implies that S is a vertical surface 
and £(\Nh\) = 0. We note that in any vertical surface b 2 — Aac = so that £(\Nh\) = 0. 

Now we suppose k 7^ 0. Then by Proposition 14.31 (iv) we get 



with a, b, c given by 



g(V,T)(s) = -(asin(fcs) - 6cos(fcs)) 



a = g(V,T)'(0) = -c 1 g(N > T), 
b=±g(V,T)"(0) = -^Z(g(N,T)), 



c = ±g(V,T)"(0)+g(V,T)(0) = h - - \N h \. 

As in [321 Proof of Proposition 6.6] we have g(V,T)(s) 7^ for all s if and only if 

< fc 2 ^ 2 - 2*|JV,,|& - a 2 = \N h \ 2 C(\N h \), 
which implies £(\N h \) > 0. 

□ 

Lemma 9.6. Let £ be aC 2 complete, oriented, immersed, CMC surface with empty singular 
set in a pseudo-hermitian 3-manifold (M, gu,ui, J) . Then any characteristic curve ofT, is 
an injective curve or a close curve. 
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Proof. Since characteristic curves are the trajectories of the vector field Z , they are injectives 
or closed curves. 

□ 

Remark 9.7. It is remarkable that Lemma [9.61 together with [33J Remark 6.8], implies 
that [331 Theorem 6.7] holds for all homogeneous Sasakian sub-Riemannian 3-manifolds. 
We only have to reason as in the last part of the proof of Proposition 19.81 below. 

Proposition 9.8. Let X be a C 2 complete orientable surface with empty singular set im- 
mersed in a pseudo-hermitian 3-manifold (M, gn,U!, J) . We suppose that g(R(T, Z)fh, Z) — 
Z{g(r{Z),Vh)) = on X and the quantity W — Cig(r(Z),i/f l ) is constant along character- 
istic curves. We also assume that all characteristic curves in X are either closed or non- 
closed. If X is a stable minimal surface, then W — c\g(r(Z\v]^) $J on X. Moreover, if 
W — c\g(r(Z\ Vh) = then X is a stable vertical surface. 



Proof. We need to prove that when exists p £ X such that W — c\g(r{Z),Vh) > in p 
and £(|A^^|) ^ over the characteristic curve passing through p in X, then X is unstable, 
in virtue of Proposition 19.51 We consider p e X such that £(\Nh\)(p) > 0. We denote 
by 7o(s) the characteristic curve passing through p and we denote by a(e) the integral 
curve of S passing through p, parametrized by arc-length. As the surface is not singular 
X is foliated by characteristic curves, we denote by 7 £ (s) the characteristic curve passing 
through a(e) parametrized by arc-length. We obtain a C 1 map F : I x I' — > X given 
by F(e,s) = 7e(s) which parametrizes a neighborhood of the characteristic curve 70 on 
X, where I' is an interval, compact or not, where live the parameter s and / = [— £q,£o\ 
with £0 € R eventually small. By Proposition 14.31 V e (s) := (dF/de)(e, s) is a Jacobi-likc 
vector field along 7 e and the function g(V E ,T) never vanishes since Xo = 0. Furthermore 
V £ (0) = (S) a M implies that g(V £ ,T) < 0. We define the function f £ := g(V £ ,S) and it is 
immediate that g(V e ,T) = -f £ \N h \ and g{V £ ,v h ) = f £ g(N,T) where \N h \ and g(N,T) are 
evaluated along j £ . The Riemannian area element of X with respect to the coordinates (e, s) 
is given by 

dX = (\V £ \ 2 - g(V e ,i e ))^ 2 = f £ dsde. 

We define the function 

(9.10) v(e,s) := \g(V £ ,T)(s)\ 1/2 = {f £ \N h \f' 2 , 

which is positive, continuous on / x I' and C°° along characteristic curves, by Proposition 
14.31 Denoting v £ (s) = v(e,s) and denoting by ' the derivatives with respect to s, by (|9.8[) 
and (|9.9|) we get 

( UE - 2 )' = . g (^,r)- 2 5 (K,T)' = - Cl 3( 



fe\N h 



2 



(v-*Y = -2g(V £ ,T)- 3 g(V £l Ty = -2d^J, 
(v~r = 6g(V £ ,T)-H g (V £ ,T)') 2 - 2g(V £l T)~ 3 g(V £ ,T)" = Ac 2 ^^ - 2* ^"^" ' T)) ; 

fi\Nhr fi\Nh\ z 

where we have used g(y e ,Vh) = —g{Ve:T)\Ni l \^ 1 g(N,T), and consequently 
(9.11) 

(( -2 V ,2 1 ( -4 V / c l 9 (N,T) , _ 4 , ZdN^gjN^)) 

C(\N h \) W- Cl g(r(Z), u h ) +c 2 \N h \- 2 g(N 1 T) 2 
2f 2 \N h \ 2 2f 2 \N h \ 2 
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Now we consider a function <f> : M — > R such that € Cq°(7) and 0(0) > 0. Let p a 
positive constant such that |0'(e)| ^ p for any e G R. We distinguish two cases. First we 
suppose that the family of curves 7 e is defined in the whole real line for e small enough. For 
any n £ N we consider the function u„ : I x I' — > R defined by u n (e, s) := 0(e)0(s/n), with 
/' = R. At this point we can conclude as in [33J proof of Theorem 6.7]. 

In the second case we consider a family of closed curves j e with eventually different length 
l s . We can parametrize all the curves as j e (t) : I' — > E, with t = sIq/I s and I' = [0, Iq\. In 
this case we get 

-a V v 2 _ 1, _4 V / _ c l 9 (N,T) _ 4 _ Zo ^(|A r / t |~ 1 ff(A r , T)) 
U e jj 2^ j 2 |7V h | IUe > l £ Cl /||JV fc |2 

_ ; o £(|iV h |) Z W-c 1 g(r(Z),^)+c?|^|- 2 5 (^T) 2 



Now it is sufficient reasoning as above changing the definition of the function <j> n {t) := 0(0) 
to conclude as in [331 proof of Theorem 6.7]. 

We observe that, chosen a point p £ E, the curve 70 passing through p can be closed 
(resp. non-closed) but the other characteristic curves j e can be non-closed (reps, closed) 
even for £0 small. In this case we can choose our initial point in another non-closed (reps, 
closed) curves. 

□ 



Remark 9.9. The proof of Proposition 19 . 81 works under weaker assumptions, i.e. when the 
closed and non-closed characteristic curves of E are not dense the ones in the others. 

Corollary 9.10. There are not complete stable minimal surfaces with empty singular set 
in the three-sphere group SU(2). 

Proof. By Proposition in SU(2) we have W — 2g(r(Z), v^) > and we get the statement 
using Theorem 19.81 □ 

Remark 9.11. In J33J Corollary 6.9(h)] the author shows that complete stable minimal 
surfaces with empty singular set do not exist in the pseudo-hermitian 3-sphere, which is the 
only Sasakian structure of SU(2). 



10. Classification of complete, stable, minimal surfaces in the 
roto-traslation group tit- 

We consider the group of rigid motions of the Euclidean plane. The underlying manifold 
is R 2 x S 1 where the horizontal distribution H is generated by the vector fields 

d d d 

X = — and Y = cos(a) — — I- sin(a) — — , 
da ox ay 

the Reeb vector field is 

T = sin(a) — cosfa) — 

ox oy 

and the contact form is u> — sin(a) dx — cos(a) dy, [5], Furthermore we have the following 
Lie brackets 

[X,Y]=-T, [X,T] = Y, [y,T]=0 
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which imply W = 1/2 and that the matrix of the pscudo-hcrmitian torsion with respect to 
the basis {X, Y, T} is 

I 
| 


By [22[ Theorem 1.2] a characteristic curve 7(t) = (x(t),y(t),a(t)) of curvature A = 
with initial conditions 7(0) = (xq, yo, ag) and 7(0) = (xq, y\), do) in TZT is of the form 

(10.1) 7(i) = (xo + R cos(a )t, y Q + R sin(a )t, a ) 
when do = or 

(10.2) 7(4) = (x Q + (Ro/a )(sin(a(t))~sm(ao)), y + (Ro/a )(cos(a )-cos(a(t))), a +a t) 



otherwise, where Rq = \J xq 2 + y'o 2 . We underline that the first family of curves is composed 
by sub-Riemannian geodesic but the second one only when Rq = 0. 

We investigate the equation of a minimal surface £ defined as the zero level set of a 
function u(a,x,y). We consider the horizontal unit normal and the characteristic field 

(u a X + (cos(a)u x + ain(a)u y )Y) (cos(a)u x + sm(a)u y )X — u a Y 



{u 2 a + cos 2 (a)u x + sm 2 (a)u 2 ) 1 / 2 ' (u^ + cos 2 (a)u 2 + sin 2 (a)ity) 1 / 2 
respectively. By a direct computation we get the minimal surface equation 

u 2 a (cos 2 (a)u xx + 2 cos(a) sm(a)u xy + sm 2 (a)u yy ) + (cos(a)u x + sm(a)u y ) 2 u aa 
— u a (cos(a)u x + sin(a)Mj,)(2 cos(a)u ax + 2 sm(a)u ay — sin(a)ua; + cos(a)u y ) = 0. 

Remark 10.1. In TZT we can express 

g(r(Z), Z) = g(Z, X)g{Z 1 Y) = -g{v h , X)g{v h , Y) 

and 

g(T(Z),u h ) = 1/2 -g{v h ,Y) 2 
which imply W-g{r{Z),v h ) = g(v h ,Y) 2 =g{Z,X) 2 . 

Corollary 10.2. Let £ be a C 2 stable, oriented, complete, immersed minimal surface in 
TZT with empty singular set. Then £ is a vertical plane of the form £ a = {(x, y, a) G TZT : 
a = a e S 1 } . 

We note that there exists another family of vertical surfaces composed of the left-handed 
helicoids Sf, = {(x, y, a) € TZT : cos(6a)x+sin(6 a)y = 0, b £ S 1 }, that are unstable minimal 
surfaces. In fact the horizontal normal of is 

(— s'm(a)x + cos(a)y)X + Y 

Vh = 



(1 + (— sin(a)x + cos(a)y) 2 ) 1 / 2 
which implies W — g{r{Z), Vh) > outside the line {x — y — 0}. 

Lemma 10.3. In TZT there do not exist minimal surfaces with isolated singular points. 

Proof. We can suppose that the singular point is the origin. Then To£ = span{d x ,d a }. 
The unique way to construct a minimal surface is to to put together all characteristic curves 
starting from 0, in the directions of To£ with curvature A = 0, Theorem l5.3l But in this way 
we construct a right-handed helicoid denoted £ c below, which contains a singular line. □ 

Lemma 10.4. Let £ be a complete area- stationary surface of class C 2 in TZT which contains 
a singular curve Y . Then £ is a right-handed helicoid £ c or a plane £ Qi 6 ;C defined below. 
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Proof. We consider a singular curve T(e) in £. Then as £ is foliated by characteristic 
curves we can parametrize it by the map F(e,s) = 7 e (s), where 7 £ (s) is the characteristic 
curves with initial data 7 6 (0) = T(e) and 7 6 (0) = J(T(ej). We dchne the function V E (s) := 
(dF/de)(s,e) that is a smooth Jacobi-like vector field along 7 e (s). The vertical component 
of V e satisfies the ordinary differential equation 

g(V e ,T)"' + k e g(V e ,Ty = 0, 

with k e = g(j £ (s), X) 2 that is constant along 7 e (s). We suppose that a characteristic curve 
7e(s) is not a sub-Riemannian geodesic, it means that < k £ < 1. As g(V e ,T)' (0) = and 
g(V e ,T)"(0) = by (TO|) . ((13)) and the fact that T is a singular curve, we get 

(10.4) 3 (V £ ,T)( S ) = --^=sin(yfc; s ) 

V ™e 

and we find another singular point at distance ir / 1 \fk~ e . The singular point is contained in a 
singular curve 17 composed of points of the type 7 E (s e ), with s e = n/y/\. £ area-stationary 
implies g(Ti(e) 7 J(j e (s E ))) = 0. Now we prove that g(V s , A f e )(s) is constant along 7 e . It is 
zero in the initial point and we suppose it is increasing or decreasing. By point (ii) in 
Proposition 14.31 we get that it has a maximum or a minimum in s e and so V E (s e ) and 7 £ (s e ) 
are co- linear. This is impossible and we have proved V e (s e ) = Ti(e). Finally integrating 
g(V e , , y e )(s) along 7 e by point (ii) in Proposition 14.31 we get 

s e s e 

0= [ g(V e ,%)'(s)ds = - f g(V e ,T)(s)g(r(j £ ),j e )( S )ds, 



that is impossible since g(V £ , T) > on (0, s e ) and 3(t(7 £ ), 7e) = g{ie,X)^Jl — g(j e ,X) 2 is 
a constant different from zero. We have proved that each "f e is a sub-Riemannian geodesic 
and k = k £ is equal to or 1. When k = we get the surface a right-hand helicoid and 
when k = 1 we get a plane. 

□ 

Remark 10.5. In [3<2 Example 2.1] the author gives examples of minimal surfaces of 
equations ax + 6sin(a) + c = and x — y + c(sin(a + cos(a))) + d — 0. Also the surfaces 
ay — bcos(a) + c = and x + y + c(sin(a; + cos(a))) + d = arc minimal surfaces with a 
similar property, in fact they satisfy g(r(Z),h'f l ) = . We remark that all these examples 
are not area-stationary. 

For example in the surface described by x + sin(o!) = we have Z = (— cos(a)A + 
cos(oi)17 (2| cos(a)|) that is not orthogonal to the singular curves Ti = {(—1, y, 7r/2) € TZT ■ 
y e M} and T 2 = {(1, y, 3tt/2) eKT:!/el}. 

Lemma 10.6. Let £ &e a surface defined by a function u(x, y) = 0, with u : K 2 — > M o/ 
c/ass C 2 and (u x ,u y ) ^ (0,0). T/ien £ is a minimal surface that is area- stationary if and 
only if it is a plane £ Q ,6 jC = {{x, y, a) G TZT : ax + by + c = 0, a, 6 <E M, eg S 1 }. 

Proof. It is sufficient observe that multiply each term of equation (|10.3p . Fur- 

thermore it is clear that a surface £ of the type u = u(x,y) contains two singular curves 
whose union is £o = {(x, y, a)TZT ■ cos(a)u x + sin(a)it. y = 0}; by Lemma 1 10. 41 the surface is 
a plane £ a ,h, c = {(^, y, ol) £ TZT : ax + by + c = 0, a, b € IR, c € S 1 } . □ 

In the sequel we investigate the stability of the two families of area-stationary surfaces 
that contains singular curves. 

Proposition 10.7. All planes £ a ,6 jC = {{x, y, a) € TZT : ax + by + c = 0, a, 6 G R, c e S 1 } 

are unstable area- stationary surfaces. 
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Proof. We take for simplicity a plane of equation y = 0. Then we have 

v = sin(g) y z = sin(a) ^ 
|sin(a)| |sin(a)| 

Then we get g{T{Z),v h ) = -1/2 and W - g(r(Z),Vh) = 1 by Remark [T0TT1 Furthermore 
using (|9.3[) we can compute 0(5) = — |A^| and putting a function u = u(x), with u £ 
C^°([— xo, So]) and xo > 0, in the stability operator in Theorem 18.61 we get 

Q(u) = J u(x) 2 dx\ - J i|sin(a)| 3 |cos(a)|da +2 / u'{xfdx 

\-x ,x } j \ [0,2tt] J [-x ,x ] 

and as 

-l 



inf < 



u'{x) dx \ \ u(x) 2 dx\ :u£ C%°(R) } = 0, 



there exists a function u E C 3O ([— Xq, xq]) such that Q(u) < 0. 

□ 

Remark 10.8. A plane characterized by equation ax + by + ca — d is not minimal if 
a,6,c/0. 

Proof. That plane is minimal if and only if the following equation hold: 

c{a6(cos 2 a — sin 2 a) + cos a sina(6 2 — a 2 )} = 0, 
that implies c = 0ora = 6 = 0. □ 

Proposition 10.9. Let S c = {(x,y,a) <G 727" : xsin(ca) — ycos(ca) = 0, c € S 1 }. Then 
S c is a stable, area- stationary surface. 

Proof. By a direct substitution in (|10.3I) S c is minimal. Now we suppose c = 1 for simplicity 
and we have 

x cos(a) + y sin(a) x cos(a) + y sin(a) 

|xcos(a) + ysm(a)| |xcos(a) + y sm(o;)| 

outside the only singular curve To = {(x, y, a) G S 1 : x = y = 0}, so the characteristic 
curves meet orthogonally the singular one. 

Now by (JO) we have 9(S) = \N h \ and by Remark [TuTTl we get -W + g(r(Z),u h )) = 
and g(r(Z), Vh) = 1/2. Then the stability operator for non-singular surfaces in Theorem l8.6l 
become 

C(«) = j UN h \- 1 z{uf + \N h \ (i-^\N h \ 2 ^u 2 jdz + 4 J( u \ ro ) 2 dr + J s(u\ ro ) 2 dr , 

s r r 

which is non- negative for all functions u £ Cq(S c ). □ 

Theorem 10.10. Let S be a stable, immersed, oriented and complete surface of class C 2 in 
72.7". Then we distinguish two cases: 

(i) if T, is a non-singular surface, then it is a vertical plane S a ; 

(ii) if £ is a surface with non-empty singular set, then it is the right-handed helicoid S c . 

Finally we would remark that the family of planes E a are area-minimizing by a standard 
calibration argument, in fact they form a family of area-stationary surfaces who foliate RT. 
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